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Pedagogic approach

ÄMore seriously
Â I assume ñnothing knownò

Â Any question is welcome (if possible, in English)

Â The goal is to ñenter into the fieldò, not to cover as much as 

possible stuff (I donôt care about going to the end of the announced 

program but I care a lot on an in-depth understanding)

Â The mathematical level of the lecture should not be too challenging 

(basic equations resolution, some mathematical optimization)

Â We will ñplayò many games during the lecture

Â You MUST work each week to prepare the lecture (read the slides 

in advance, prepare questions, review concept definitions, é)

Â I rest on you to correct my numerous mistakes

Â This is a theoretical lecture !
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1.1 What is game theory?

Ä Game theory aims to help understand situations in which 

decision-makers interact.

Ä The main fields of applications are:

Â Economic analysis

Â Social analysis

Â Politic

Â Biology

Ä Typical applications:

Â Competing firms

Â Bidders in auctions

Ä Main tool: model development. This is an arbitrage between:

Â Realistic assumptions

Â Simplicity
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1.1 What is game theory?

Ä An outline of the history of game theory

Â First major development in the 1920s

Å Emile Borel

Å John von Neumann

Â Decisive publication: ñTheory of Games and Economic Behaviorò, 

von Neumann and Morgenstern (1944)

Â Early 1950s: John Nash

Å Nash equilibrium

Å Game-theoric study of bargaining

Â 1994 Nobel Prize in Economic Sciences

Å Harsanyi (1920-2000) Ą Bayesian games (Harsanyi doctrine)

Å Nash (1928-) Ą Nash equilibrium

Å Selten (1930-) Ą Bounded rationality, extensive games
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1.1 What is game theory?

Ä Modeling process

Â Step 1: selecting aspects of a given situation (that appear to be 

relevant) and incorporating them into a model. This step is mostly 

an ñartò

Â Step 2: model analysis (using logic and mathematic)

Â Step 3: studying modelôs implications to determine whether our 

ideas make sense. This may point towards a revision of the 

modelôs assumptions in order to better capture ñstylized factsò.
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1.2 The theory of rational choice

Ä Rational choice: 
Â The decision-maker chooses the best action according to her preferences, among 

all the actions available to her

Â No qualitative restriction is place on preferences

Rationality means consistency of her decisions when faced with different sets of 

available actions.

Ä The theory is based on two components: Actions and 

Preferences

Ä 1.2.1 Actions
Â Set A consisting of all actions that, under some circumstances, are available to the 

decision-maker

Â In any given situation, the decision-maker knows the subset of available choices, 

and takes it as given (the subset is not influenced by the decision-maker 

preferences)
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1.2 The theory of rational choice

Ä 1.2.2 Preferences and payoff functions

Â We assume that the decision-maker, when presented with any pair of 

actions, knows which of the pair she prefers

Â We assume further that these preferences are consistent (if a > b and 

b > c, then a > c).

Â Preferences representation: preferences can be represented by a 

payoff function:

the payoff function associates a number with each action in such a way 

that actions with higher numbers are preferred. 

More precisely:

u(a) > u(b) if and only if the decision-maker prefers a to b

(Economists often speak about utility function)
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1.2 The theory of rational choice

Ä Exercise 5.3

Â Person 1 cares about both her income and person 2ô income. 

Precisely, the value she attaches to each unit of her own income is 

the same as the value she attaches to any two units of person 2ôs 

income. For example, she is indifferent between a situation in 

which her income is 1 and person 2ôs is 0, and one in which her 

income is 0 and person 2ôs is 2. How do her preferences order the 

outcomes (1,4), (2,1) and (3,0), where the first component in each 

case is her income and the second component is person 2ôs 

income? Give a payoff function consistent with these preferences.
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1.2 The theory of rational choice

Ä Note that, as decision-makerôs preferences convey only ordinal 

information, the payoff function also conveys only ordinal preference.

Eg.: if u(a)=0, u(b)=1 and u(c)=100, it doesnôt mean that the decision-

maker likes c a lot more than b! A payoff function contains no such 

information.

Ä Note that, as a consequence, a decision-makerôs preferences can be 

represented by many different payoff functions.

If u represents a decision-makerôs preferences and v is another payoff 

function for which

v(a) > v(b) if and only if u(a) > u(b)

then v also represents the decision-makerôs preferences.

More succinctly: if u represents a decision-markerôs preferences, then 

any increasing function of u also represents these preferences.
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1.2 The theory of rational choice

Ä Exercice 6.1

Â A decision-makerôs preferences over the set A={a,b,c} are 

represented by the payoff function u for which u(a)=0, u(b)=1 and 

u(c)=4. Are they also represented by the function v for which v(a)=-

1,v(b)=0, and v(c)=2? How about the function w for which 

w(a)=w(b)=0 and w(c)=8?
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1.2 The theory of rational choice

Ä 1.2.3 The theory of rational choice

The theory of rational choice is the action chosen by a decision-

maker is at least as good, according her preferences, as every 

other available action.

Note that not every collection of choices for different sets of 

available actions is consistent with the theory.

Eg. : we observe that a decision chooses a whenever she faces the set {a,b}, but 

sometimes chooses b when facing the {a,b,c}. This is inconsistent:

- always choosing a when facing {a,b} means that the decision-maker prefers a to 

b

- when facing {a,b,c}, she must choose a or c.

(Independence of irrelevant alternatives)
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1.2 The theory of rational choice

Ä 1.3 Coming attractions

Â Up to now, the decision-maker cares only about her own choice. 

Â In the real world, a decision-maker often does not control all the 

variables that affect her.

Game theory studies situations in which some of the variables that 

affect the decision-marker are the actions of other decision-

markers.



2 Nash Equilibrium: 

Theory
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2.1 Strategic games

Ä Terminology:

Â we refer to decision-makers as players

Â each player has a set of possible actions

Â the action profileis the list of all playersô actions

Â each player has preferences about the action profiles

Ä Definition 13.1 (Strategic game with ordinal preferences)

A strategic game with ordinal preferences consists of

Â a set of players

Â for each player, a set of actions

Â for each player, preferences over the set of action profiles
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2.1 Strategic games

Ä Note that:

Â This allows to model a very wide range of situations:

Å players = firms, actions = prices, preferences = profits

Å players = animals, actions = fighting for a prey, preferences = 

winning or loosing

Â It is frequently convenient to specify the payersô preferences by 

giving payoff functions that represent them. Keep however in mind 

that a strategic game with ordinal preferences is defined by the 

playersô preferences, not by the payoffs that represent these 

preferences

Â Time is absent from the model : each player chooses her action 

once and for all and the players choose their actions 

simultaneously (no player is informed of the action chosen by any 

other player)
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2.2 Example: the Prisonerôs 

Dilemma

Â Example 14.1

Two suspects in a major crime are held in separate cells. There is 

enough evidence to convict each of them of a minor offense, but 

not enough evidence to convict either of them of the major crime 

unless one of them acts as an informer against the other (finks). If 

they both stay quiet, each will be convicted of the minor offense 

and spend one year in prison. If one and only one of the finks, she 

will be freed and used as a witness against the other, who will 

spend four years in prison. If the both fink, each will spend three 

years in prison.

Model this situation as a strategic game.
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2.2 Example: the Prisonerôs 

Dilemma

Â Solution

Å Players: the two suspects

Å Actions: Each playerôs set of actions is {Quiet, Fink}

Å Preferences: Suspect 1ôs ordering of the action profiles (from 

best to worse):

Â (Fink,Quiet)Ą free

Â (Quiet,Quiet) Ą one year in prison

Â (Fink,Fink)Ą three years in prison

Â (Quiet,Fink) Ą four years in prison

(and vice-versa for player 2)

We can adopt a payoff function for each player:

u1(Fink,Quiet)>u1(Quiet,Quiet)>u1(Fink,Fink)>u1(Quiet,Fink)

Eg.:
FQFFQQQF ,,,, 10111213 ³+³+³+³
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2.2 Example: the Prisonerôs 

Dilemma

Graphically, the situation is the following :

(numbers are payoffs of payers)

Suspect 1

Suspect 2

Quiet

Fink

Quiet Fink

(2,2)

(3,0)

(0,3)

(1,1)

The prisonerôs dilemma models a situation in which there are gains from cooperation 

(each player prefers that both players choose Quiet than they both choose Fink) but  

each player has an incentive to free ride whatever the other play does.
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2.2 Example: the Prisonerôs 

Dilemma

Ä 2.2.1 Working on a joint project

You are working with a friend on a joint project. Each of  you 

can either work hard or goof off. If your friend works hard, then 

you prefer to goof off (the outcome of the project would be 

better if you worked hard too, but the increment in its value to 

you is not worth the extra effort). You prefer the outcome of 

your both working hard to the outcome of your both goofing off 

(in which case nothing gets accomplished), and the worst 

outcome for you is that you work hard and your friend goofs off 

(you hate to be exploited).

Model this situation as a strategic game.
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2.2 Example: the Prisonerôs 

Dilemma

Ä 2.2.2 Duopoly

In a simple model of a duopoly, two firms produce the same 

good, for which each firm charges either a low price or a high 

price. Each firm wants to achieve the highest possible profit. If 

both firms choose High, then each earns a profit of $1000. If 

one firm chooses High and the other chooses Low, then the firm 

choosing High obtains no customers and makes a loss of $200, 

whereas the firm choosing Low earns a profit of $1200 (its unit 

profit is low, but its volume is high). If both firms choose Low, 

the each earns a profit of $600. Each firm cares only about its 

profit.

Model this situation as a strategic game.
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2.2 Example: the Prisonerôs 

Dilemma

Â Exercise 17.1

Determine whether each of the following games differs from the 

Prisonerôs Dilemma only in the names of the playersô actions

X

Y

X

Y

X Y X Y

3,3

5,1

1,5

0,0

2,1

3,-2

0,5

1,-1

An application to M&As: the Grossman & Hart free riding argument.
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2.3 Example: Back or Stravinsky? 

(Battle of the Sexes or BoS)

Ä Situation:

Â Players agree that it is better to cooperate

Â Players disagree about the best outcome

Example 18.2

Two people wish to go out together. Two concerts are available: 

one of music by Bach, and one of music by Stravisky. One person 

prefers Bach and the other prefers Stravinsky. If they go to different 

concerts, each of them is equally unhappy listening to the music of 

either composer.

Model this situation as a strategic game.

An application to merging banks: two banks are merging. Both 

agree that they will be better off using the same information 

system technology but they disagree on which one to choose.
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2.3 Example: Back or Stravinsky? 

(Battle of the Sexes or BoS)

Solution

Player 1

Player 2

Bach

Stravinsky

Bach Stravinsky

(2,1)

(0,0)

(0,0)

(1,2)
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2.4 Example: Matching Pennies

Ä Situation:

Â A purely conflictual situation

Example 19.1

Two people choose, simultaneously, whether to show the head or 

the tail of a coin. If they show the same side, person 2 pays person 

1 a dollar. I they show different sides, person 1 pays person 2 a 

dollar. Each person cares only about the amount of money she 

receives (and is a profit maximizer!).

Model this situation as a strategic game.

An application to choices of appearances for new products by an established 

produced and a new entrant in a market of fixed size: the established produced 

prefers the newcomerôs product to look different from its own (to avoid confusion) 

while the newcomer prefers that the products look alike.
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2.4 Example: Matching Pennies

Solution

Player 1

Player 2

Head

Tail

Head Tail

(1,-1)

(-1,1)

(-1,1)

(1,-1)
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2.5 Example: the stag Hunt

Ä Situation:

Â Cooperation is better for both but not credible.

Example 20.2

Each of a group of hunters has two options: she may remain 

attentive to the pursuit of a stag, or she may catch a hare. If all 

hunters pursue the stag, they catch it and share it equally. If any 

hunter devotes her energy to catching a hare, the stag escapes, 

and the hare belongs to the defecting hunter alone. Each hunter 

prefers a share of the stag to a hare.

Model this situation as a strategic game.
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2.5 Example: the stag Hunt

Ä Solution

Player 1

Player 2

Stag

Hare

Stag Hare

(2,2)

(1,0)

(0,1)

(1,1)
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2.6 Nash equilibrium

Ä Question: 

What actions will be chosen by players in a strategic game?

(assuming that each player chooses the best available action)

Ä Answer:

To make a choice, each player must form a beliefabout other playersô 

action.

Ä Assumption:

We assume in strategic games that playersô beliefs are derived from 

their past experience playing the game:

Â they know how their opponent will behave.

Â note however that they do not know which specific opponent they are faced to and 

so, they can not condition their behavior on being faced to a specific opponent. 

Beliefs are about ñtypicalò opponents, not any specific set of opponents.
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2.6 Nash equilibrium

Ä In this setup, a Nash equilibrium is action profile a* with the 

property that no player i can do better by choosing an action 

different from a*i, given that every other player j adheres to a*j.

Ä Note:

Â A Nash equilibrium corresponds to a steady state: if, whenever the 

game is played, the action profile is the same Nash equilibrium a*, 

then no player has a reason to choose any action different from her 

component of a*.

Â Playersô beliefsabout each otherôs actions are (assumed to be) 

correct. This implies, in particular, that two playersô beliefs about a 

third playerôs action are the same (expectations are coordinated ï

Harsanyi Doctrine).

Two key ingredients: rational choices and correct beliefs
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2.6 Nash equilibrium

Ä Notations and formal definition:

Â Let ai be the action of player i

Â Let a be an action profile: a=(a1, a2, é an)

Â Let aôi be any action action of player i (different from ai )

Â Let (aôi,a-i) be the action profile in which every player j expect i

chooses her action aj as specified by a, whereas player i chooses 

aôi (the subscript ïistands for ñexpect iò). 

Ą(aôi,a-i) is the action profile in which all the players other than i 

adhere to a while iñdeviatesò to aôi.

Note that if aôi=ai, then (aôi,a-i) = (ai,a-i) =a
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2.6 Nash equilibrium

Definition 23.1 (Nash equilibrium of strategic game with ordinal 

preferences)

The action profile a* in a strategic game with ordinal 

preferences is a Nash equilibrium if, for every player i and every 

action ai of player i, a* is at least as good according to player iôs

preferences as the action profile (ai,a*-i) in which player i 

chooses ai while every other player j chooses a*i.

Equivalently:

ui(a*) Ó ui(ai, a*-i) for every action ai of player i
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2.6 Nash equilibrium

Ä Note:

Â This definition implies neither that a strategic game necessarily has a 

Nash equilibrium, nor that it has at most one.

Â This definition is designed to model a steady state among experienced 

players. An alternative approach (called ñrationalizabilityò) is:

Å to assume that players know each othersô preferences

Å to consider what each player can deduce about the other playersô action 

from their rationality and their knowledge of each otherôs rationality

Â Nash equilibrium has been studied experimentally. 

Å The keys to conceive suited experiment are:

Â to ensure that players are experienced playing the game

Â to ensure that players do not face repeatedly the same opponents (as each 

game must played in isolation) 

Å The key to correctly interpret results is to remember that Nash 

equilibrium is about equilibrium: the outcome must have converged (and 

the theory says nothing about the necessary for convergence to 

appear).
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2.7 Examples of Nash 

equilibrium

Ä 2.7.1 Prisonerôs Dilemma

Suspect 1

Quiet

Fink

Quiet Fink

(2,2)

(3,0)

(0,3)

(1,1)

Suspect 2
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2.7 Examples of Nash 

equilibrium

Ä Detailed explanation

Â (Fink, Fink) is a Nash equilibrium because:

Å given that player 2 chooses Fink, player 1 is better off choosing 

Fink than Quiet

Å given that player 1 chooses Fink, player 2 is better off choosing 

Fink than Quiet

Â No other action profile is a Nash equilibrium. Eg, (Quiet, Quiet) is 

not a Nash equilibrium because:

Å if player 2 chooses Quiet, player 1 is better off choosing Fink

Å (moreover), if player 1 chooses Quiet, player 2 is also better off 

choosing Fink

The incentive to free ride eliminates the possibility that 

the mutually desirable outcome (Quiet, Quiet) occurs.
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2.7 Examples of Nash 

equilibrium

Ä Note that:

Â in the present case, the Nash equilibrium action is the best action 

for each player:

Å if the other player chooses her equilibrium action (Fink)

Å but also if the other player chooses her other action (Quiet)

In this sense, this equilibrium is highly robust. But, this is not a 

requirement of the Nash equilibrium. Only the first condition 

must be met.
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2.7 Examples of Nash 

equilibrium

Exercise 27.1

Each of two players has two possible actions, Quiet and Fink; 

each action pair results in the playersô receiving amounts of 

money equal to the numbers corresponding to that action pair in 

the following figure:

Quiet

Fink

Quiet Fink

(2,2)

(3,0)

(0,3)

(1,1)

Player 1

Player 2
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2.7 Examples of Nash 

equilibrium

Players are not ñselfishò: the preferences of each player i are 

represented by the payoff function mi(a)+Ŭmj(a), where mi(a) is 

the amount of money received by player i, j is the other player, 

and Ŭis a given non-negative number. Player 1ôs payoff to the 

action pair (Quiet,Quiet) is, for example, 2 + 2Ŭ.

1. Formulate the strategic game that models this situation in the case 

Ŭ=1.  Is this game the Prisonerôs dilemma?

2. Find the range of values of Ŭfor which the resulting game is the 

Prisonerôs dilemma. For values of Ŭ for which the game is not the 

Prisonerôs dilemma, find the Nash equilibria.
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2.7 Examples of Nash 

equilibrium

Ä 2.7.2 BoS

Player 1

Player 2

Bach

Stravinsky

Bach Stravinsky

(2,1)

(0,0)

(0,0)

(1,2)

Nash equilibria are (B,B) and (S,S). Why?

Note that this means that BoS has two steady states!
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2.7 Examples of Nash 

equilibrium

Ä 2.7.3 Matching Pennies

Player 1

Player 2

Head

Tail

Head Tail

(1,-1)

(-1,1)

(-1,1)

(1,-1)

There is no Nash equilibrium. Why?
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2.7 Examples of Nash 

equilibrium

Ä 2.7.4 The Stag Hunt

Player 1

Player 2

Stag

Hare

Stag Hare

(2,2)

(1,0)

(0,1)

(1,1)

Nash equilibria are (S,S) and (H,H). Why?

Note that, despites (S,S) is better for both players than (H,H), this 

has no bearing on the equilibrium status of (H,H).
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2.7 Examples of Nash 

equilibrium

Exercise 30.1 (extension to n players)

Consider the variants of the n-hunter Stag Hunt in which only m 

hunters, with 2ÒmÒn, need to pursue the stag in order to catch it 

(continue to assume that there is a single stag). Assume that a 

captured stag is shared only by the hunters who catch it. Under 

each of following assumptions on the huntersô preferences, find 

the Nash equilibria of the strategic game that models the 

situation.

a. As before, each hunter prefers the fraction 1/m of the stag to 

a hare;

b. Each hunter prefers a fraction 1/k of the stag to a hare, but 

prefers a hare to any smaller fraction of the stag, where k is an 

integer with mÒkÒn.
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2.7 Examples of Nash 

equilibrium

Ä Note

In games with many Nash equilbria, the theory isolates more than 

one steady state but says nothing about which one is more likely to 

appear. 

In some games, however, some of these equilibria seem more 

likely to attract the playersô attentions than others. These equilibria 

are called focal.

Example: (B,B)seems here more ñlikelyò than (S,S)

Player 1

Player 2

Bach

Stravinsky

Bach Stravinsky

(2,2)

(0,0)

(0,0)

(1,1)
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2.7 Examples of Nash 

equilibrium

Ä 2.7.8 Strict and nonstrict equilibria

Â The definition 23.1 requires only that the outcome of a deviation (by 

a player) be no better for the deviant than the equilibrium outcome.

Â A equilibrium is strictif each playerôs equilibrium action is better

than all her other actions, given the other playersô actions:

ui(a*) > ui(ai, a*-i) for every action aiÍ a*i of player i

(Note the strict inequality, contrasting with definition 23.1)
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2.8 Best Response Functions

Ä 2.8.1 Definition

Â In more complicated games, analyzing one by one each action 

profile quickly becomes intractable.

Â Let us denote the set of player i best actions when the list of the 

other playersô actions is a-i by Bi(a-i) or, more precisely:

{ }iiiiiiiiiiii AaaauaauAaaB in  ' allfor  ),'(),(:in  )( --- ²=

Any action in Bi(a-i) is at least as good for player i as 

every other action of player iwhen the other playersô 

actions are given by a-i.
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2.8 Best Response Functions

Ä 2.8.2 Using best response functions to define Nash equilibrium

Â Proposition 36.1: The action profile a* is a Nash equilibrium of a 

stragetic game with ordinal preferences if and only if every playerôs 

actions is a best response to the other playersô actions:

Â If each player i has a single best response to each list a-i

(Bi(a-i) = {bi(a*-i)}), then this is equivalent to:

Â The Nash Equilibrium is then characterized by a set of n equations in 

the n unknowns a*i:
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2.8 Best Response Functions

Ä 2.8.3 Using the best response functions to find Nash equilibria

Â Procedure:

Å 1. find the best response function of each player

Å 2. find the action profiles that satisfy proposition 36.1

Â Exercise 37.1.b

Å Find the Nash Equiliria of the game in Figure 38.1

Å Represents graphically the solution

2,2 1,3 0,1

3,1 0,0 0,0

1,0 0,0 0,0

T

M

B

L C R
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2.8 Best Response Functions

Ä Solution

2,2 1*,3* 0*,1

3*,1* 0,0 0*,0

1,0* 0,0* 0*,0*

T

M

B

L C R

Player 1

Player 2

T M B

L

C

R
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2.8 Best Response Functions

Ä Example 39.1

Â Two individuals are involved in a synergistic relationship. If both 

individuals devote more effort to the relationship, they are both 

better off. For any given effort of individual j, the return to individual 

iôseffort first increases, then decreases. Specifically, an effort level 

is a nonnegative number, and individual iôspreferences (for i=1,2) 

are represented by the payoff function ai(c+aj-ai), where ai is i effort 

level, ajis the other individualôs effort level, c>0 is a constant.

Â Questions:

Å Model the situation as a strategic game

Å Find players best response functions

Å Find the Nash equilibrium

Å Represent graphically the situation
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2.8 Best Response Functions

Ä Strategic game:

Â Players: the two individuals

Â Actions: each playerôs set of actions is the set of effort levels (non 

negative numbers)

Â Preferences: player iôspreferences are represented by payoff 

function ai(c+aj-ai), for i=1,2

Ä Note that each player has infinitely many actions, so the game can not 

be represented by a matrix of payoff, as previously.
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2.8 Best Response Functions

Ä Best response function:

Â Intuitive construction

Å Given aj, individual i payoff is a quadratic function of ai, that is 

zero when ai=0 and when ai=c+aj. As quadratic function are 

symmetric, this implies that the player i best response to aj is:

)(
2

1
)( jji acab +=

0

Payoff

aic+aj
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2.8 Best Response Functions

Å Mathematical construction
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2.8 Best Response Functions

Ä Nash equilibrium:

Â To find the Nash equilibrium, following proposition 36.1, we have to 

solve the following system of equations:

Â By substitution, we get:
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1 The unique Nash equilibrium 

is (c,c)
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2.8 Best Response Functions

Ä Graphical representation

Player 1

Player 2

0 a1

a2

½ c

½ c

c

c

b1(a2)

b2(a1)
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2.8 Best Response Functions

Ä Note that:

Â The best response of a player to actions of other players needs not 

to be unique. If a player has many best responses to some of the 

other playersô actions, then her best response function is ñthickò (a 

surface) at some points;

Â Nash equilibrium needs not to exit: the best response function may 

not cross;

Â If best response functions are not linear, the Nash equilibria need 

not to be unique;

Â Best response function can be discontinuous, generating another 

set of difficulties
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2.8 Best Response Functions

Ä Exercice 42.1

Â Find the Nash Equilibria of the two-player strategic game in which 

each playerôs set of actions is the set of nonnegative numbers and 

the playersô payoff functions are u1(a1,a2)=a1(a2-a1) and 

u2(a1,a2)=a2(1-a1-a2)



Game Theory - A (Short) Introduction 611/14/2010

2.9 Dominated actions

Ä 2.9.1 Strict dominations

Â In any game, a playerôs action ñstrictly dominatesò another action if 

it is superior, no matter what the other player do.

Â Definition 45.1 (Strict domination): in a strategic game with ordinal 

preferences, player iôsaction aôôi strictly dominates her action aôi if:

Action aôi is said to be strictly dominated.

Â Example: in the Prisonerôs Dilemma,

the action Fink strictly dominates 

the action Quiet

actions players'other  of list every for  ),(),( '''

iiiiiii aaauaau --- >

Quiet

Fink

Quiet Fink

(2,2)

(3,0)

(0,3)

(1,1)
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2.9 Dominated actions

Â Note that, as a strictly dominated action is not a best response to 

any actions of the other players, a strictly dominated action is not 

used in any Nash equilibrium.

When looking for Nash equilibria of a game, we can therefore 

eliminate from consideration all strictly dominated actions.

Ä 2.9.2 Weak domination

Â In any game, a playerôs action weakly dominates another action if 

the first action is at least as good as the second action, no matter 

what the other players do, and is better than the second action for 

some actions of the other players.
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2.9 Dominated actions

Â Definition 46.1 (Weak domination) : In a strategic game with ordinal 

preferences, player iôsaction aôôi weakly dominates her action aôi if:

Â Note that is a strict Nash equilibrium, no playerôs equilibrium action 

is strictly dominated but in a nonstrict Nash equilibrium, an action 

can be weakly dominated.

actions players'other  of list every for  ),(),( '''

iiiiiii aaauaau --- ²

actions players'other  of list  somefor  ),(),( '''

iiiiiii aaauaau --- >



Game Theory - A (Short) Introduction 641/14/2010

2.9 Dominated actions

Ä Exercise 47.1 (Strict equilibria and dominated actions)

For the game in Figure 48.1, determine, for each player, 

whether any action is strictly dominated or weakly dominated. 

Find the Nash equilibria of the game. Detemine whether any 

equilibrium is strict.

0,0 1,0 1,1

1,1 1,1 3,0

1,1 2,1 2,2

T

M

B

L C R
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2.9 Dominated actions

Ä 2.9.4 Illustration: collective decision-making

Â The members of a group of people are affected by a policy, 

modeled as a number. Each person i has a favorite policy, denoted 

x*i. She prefers the policy y to the policy z if and only if y is closer to 

x*i than is z. The number of n people is odd. The following 

mechanism is used to choose the policy:

Å each person names a policy

Å the policy chosen is the median of those named

Eg.: if there are five people, and they name the policies  -2, 0,0.6,5 

and 10, the policy 0.6 is chosen.

Â Questions:

Å Model this situation as a strategic game

Å Find the equilibrium strategy of the players

Å Does anyone have an incentive to name her favorite policy?
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2.9 Dominated actions

Ä Strategic game:

Â Players: n people

Â Actions: each personôs set of actions is the set of policies 

(numbers)

Â Preferences: each person i prefers the action profile a to the action 

profile aôif and only if the median policy named in a is closer to x*i

than is the median policy named in aô.

Ä Equilibrium strategy of the players:

Â Claim: for each player i, the action of naming her favorite policy x*i

weakly dominates all her other actions.

Â Why ?
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2.9 Dominated actions

Ä Proof:

Â Take xi > x*I (reporting a higher policy than the preferred one)

Â a. for all actions of the other players, player i is at least as well off 

naming x*i as she is naming xi

Å for any list of actions of the players other than player i, denote the value 

of the ½ (n-1)th highest action by a- and the value of ½ (n+1)th highest 

action a+(so that half of the remaining playersô actions are at most a-

and half of them are at least a+).

Â if x*i Ó a+ : the median policy is the same whether player i names x*i or xi (as 

xi > x*i ).

Â if xiÒ a- : the same hold true (as x*i < xi )

Â if x*i < a+ and xi > a-, then

Ä when the player i names x*i, the median policy is at most the greater of 

x*i and a-

Ä when the play i names xi, the median policy is at least the lesser of xi

and a+.

Thus, player i is worse off naming xi than naming x*i .

a- at ½ (n-1)th

a+ at  ½ (n+1)th

½ n

n

0
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2.9 Dominated actions

Â b. for some actions of the other players, player i is better of naming x*i

than she is naming xi

Å Suppose that half of the remaining players name policies less than x*i

and half of them name policies greater than xi. Then the outcome is x*i if 

player i names x*i and xi if she names xi . Thus player i is better off 

naming xi than she is naming x*i .

A symmetric argument applies when xi < x*i .

Telling the truth weakly dominates all other action.
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2.10 Equilibrium in a single 

population: symmetric games

Ä We focus here in cases where we want to model the interaction 

between members of a single homogenous population of players. 

Players interact anonymously and symmetrically.

Ä Definition 51.1 (Symmetric two-player game with ordinal preferences)

A two-player strategic game with ordinal preferences is symmetric if the 

playersô sets of actions are the same and the playersô preferences are 

represented by payoff functions u1 and u2 for which u1(a1,a2)=u2(a2,a1)

for every action pair (a1,a2)

Ä Definition 52.1 (Symmetric Nash equilibrium)

An action profile a* in a strategic game with ordinal preferences in which 

each player has the same set of actions is a symmetric Nash 

equilibrium if it is a Nash equilibrium and a*i is the same for every 

player i.
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2.10 Equilibrium in a single 

population: symmetric games

Ä Exercise 52.2

Find all the Nash equilibria of the game in Figure 53.1. Which of 

the equilibria, if any, correspond to a steady state if the game 

models pairwise interactions between the members of a single 

population?

1,1 2,1 4,1

1,2 5,5 3,6

1,4 6,3 0,0

A

B

C

A B C



3 Nash Equilibrium: 

Illustrations
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3.5 Auctions

Ä 3.5.1 Introduction
Â Auctions are used to allocate significant economic resources, from works of art to 

short-term government bonds to radio spectrum é

Â Auctions are of many form:

Å Sequential or sealed bid (simultaneous)

Å First or Second price

Å Ascending (English) or Descending (Dutch)

Å Single or Multi-Units

Å With or without reservation price

Å With or without entry costs

Å é

Â Auctions:

Å exist since long ago (annual auction of marriageable womans in Babylonianôs 

villages

Å and remain up-to-date (EBay on Internet)

Â Main questions

Å What are the designs likely to be the most effective at allocating resources?

Å What are the designs more likely to raise the most revenue?
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3.5 Auctions

Ä Main assumption: we discuss here auctions in which every 

buyer knows her own valuation and every other buyerôs 

valuation of the item being sold

Buyers are perfectly informed. 

Ä This assumption will be dropped in Chapter 9.



Game Theory - A (Short) Introduction 741/14/2010

3.5 Auctions

Ä 3.5.2 Second-price sealed-bid auctions

Â In a common form of auction, people sequentially submit increasing 

bids for an object. When no one wish to submit a higher bid than the 

current bid, the person making the current bid obtains the object at the 

price shed bid.

Â Given that every person is certain of her valuation (perfect valuation) of 

the object before the bidding begins, during the bidding, no one can 

learn anything relevant to her actions.

Â Thus we can model the auction by assuming that each person decides, 

before bidding begins, the most she is willing to bid (her maximal bid).

Â During the bidding, eventually, only the person with the maximal bid and 

the one with the second highest maximal bid will be left competing 

against each other. 

Â To win, the person with the highest maximal bid needs therefore to bid 

slightly more than the second highest maximal bid.
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3.5 Auctions

Â We can therefore model such an ascending auction as a strategic 

game in which each player chooses an amount of money (the 

maximal amount she is willing to bid) and the player who chooses 

the highest amount obtains the object and pays a price equal to the 

second highest amount.

Â This game model also a situation in which the people 

simultaneously put bids in sealed envelopes, and the person who 

submits the highest bid wins and pays a price equal to the second 

highest bid.

In a perfect information context, ascending auctions (or English 

auctions) and second-price sealed bid auction are modeled by the 

same strategic game.
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3.5 Auctions

Ä Notations

Â vi: the value player i attaches to the object

Â p: price paid for the object

Â vi-p: winning player payoff

Â n: number of players

Â number the players such that v1>v2> é > vn>0

Â bi: sealed bid submitted by each player

Ä Rules

Â Each player submit a sealed bid bi

Â If bi is the highest bid, player i wins the auction, get the object and pays 

the second highest bid (say j). In such a case, player i payoff is vi-bj

Â In case of tie, it is the player with the smallest number (the highest 

valuation) who wins. She pays her own bid (as there is a tie)
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3.5 Auctions

Ä Strategic game representation:

Â Players: the n bidders, where n Ó 2

Â Actions: the set of actions of each player is the set of possible bids 

(nonnegative numbers)

Â Preferences: denote by bi the bid of player i and by b+ the highest 

bid submitted by a player other than i. If either bi>b+ or bi=b+ and 

the number of every other player who bids b+ is greater than i, then 

player iôspayoff is vi-b+. Otherwise player iôspayoff is 0.
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3.5 Auctions

Ä Nash equilibrium

Â The game has many Nash equilibria:

Å One equilibrium is (b1,b2,é bn)=(v1,v2, é vn): each player bid is equal to 

her valuation of the object:

Â because v1>v2> é > vn, the outcome is that player 1 obtains the object and 

pays b2. Her payoff is v1-b2. Every other playerôs payoff is zero. 

Â if player 1 changes he bid to some other price at least equal to b2, then the 

outcome does not change. If she changes her bid to a price less than b2, then 

she loses and obtains a zero payoff

Â if some other player lowers her bid or raises her bid to some price at most 

equal to b1, the she remains a loser. If she raises her bid above b1, then she 

wins but, in paying the price b1, she makes a loss (because her valuation is 

less then b1).
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3.5 Auctions

Å Another equilibrium is (b1,b2,é bn)=(v1,0, é 0): the player 1 obtains the 

object and pays 0. Sad is issue for the auctioneer é

Å Another equilibirum is (b1,b2,é bn)=(v2,v1, 0é 0): the player 2 bids v1

and obtains the object at price v2 and every players payoff is zero:

Â if player 1 raises her bid to v1 or more, she wins the object but her payoff 

remains zero (she pays the price v1, bid by player 2)

Â if player 2 changes her bid to some other prices greater than v2, the outcome 

does not change. If she changes her bid to v2 or less, she loses, and her 

payoff remains zero.

Â if any other player raises her bid to a most v1, the outcome does not change. 

If she raises her bid above v1, then she wins but get a negative payoff.

Note that, in this equilibrium, player 2 bids more than her valuation. This 

might seem strange. This is due to the fact that, in a Nash equilibrium, a 

player does not consider the ñriskò that another player will take an action 

different from her equilibrium action. Each player simply chooses an 

action that is optimal, given the other playersô actions.

This however suggests that this equilibrium is less plausible as an 

outcome of the auction than the equilibrium in which each bidder bids 

her valuation.
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3.5 Auctions

This is due to the fact that:

in a second-price sealed-bid auction (with perfect information), 

a playerôs bid equal to her valuation weakly dominates all her 

other bids.

That is:

for any bid biÍ vi, player i bid vi is at least as good as bi, no 

matter what the other players bid, and is better than bi for 

some actions of the other players.
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3.5 Auctions

The precise argument is given by Figure 85.1

0 b+

vi-b+

vi 0 b+

vi-b+

vibôi

vi is better than bôi
in this region

0 b+

vi-b+

vi

bôôi

vi is better than bôôi

in this region

The Figure compares player i payoffs to the bid vi (left panel) with her payoff to a bid bôi < vi (middle 

panel) and with her payoff to a bid bôôi > vi,as a function of the highest of the other playersô bids (b+).

We see that:

-for all value of b+, player i payoff to a bid vi is a least as large as her payoffs to any other bid;

-for some values of the b+, her payoffs to vi exceed her payoff to any other bid.
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3.5 Auctions

Å Exercise 84.1

Â Find a Nash equilibrium of a second-price sealed bid auction in 

which player n obtains the object.

Å Exercise 86.1 (Auctioning the right to choose)

Â An action affects each of two people. The right to choose the 

action is sold in a second-price auction. That is, the two people 

simultaneously submit bids, and the one who submits the higher 

bid chooses her favorite action and pays (to a third party) the 

amount bid by the other person, who pays nothing. Assume that if 

the bids are the same, person 1 is the winner.

Â For i=1,2, the payoff of person i when the action is a and person i

pays m is ui(a)-m.

Â In the game that models this situation, find for each player a bid 

that weakly dominates all the playerôs other bids (and thus find a 

Nash equilibrium in which each playerôs equilibrium action weakly 

dominates all her other actions).
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3.5 Auctions

Ä 3.5.3 First-price sealed-bid auctions

Â Difference with as second-price auction: the winner pays the price 

she bids

Â Strategic game representation:

Å Players: the n bidders, where nÓ2

Å Actions: the set of actions of each player is the set of possible 

bids (nonnegative numbers)

Å Preferences: denote by bi the bid of player i and by b+ the 

highest bid submitted by a player other than i. If either (a) bi > 

b+ or (b) bi = b+ and the number of every other player who 

bids b+ is greater than i, then player i payoff is vi-bi. Otherwise, 

player i payoff is 0.
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3.5 Auctions

Â Note that this game models:

Â a sealed-bid auction where the highest bid wins

Å but also

Â a dynamic auction in which the auctioneer begins by 

announcing a high price, which she gradually lowers until 

someone indicates her willingness to buy the object (a 

Dutch auction)

(this equivalence is even, in some sense, stronger than 

the one between an ascending auction and second-price 

sealed-bid auction).

Â Nash equilibrium

Å One Nash equilibrium is (b1,b2,é bn)=(v2,v2, é vn), in which 

player 1 bid is player 2 valuation and every other playerôs bid is 

her own valuation. The outcome is that player 1 obtains the 

object at price v2.
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3.5 Auctions

Â Exercise 86.2

Show that (b1,b2,é bn)=(v2,v2, é vn) is a Nash equilibrium 

of a first-price sealed-bid auction.

Â A first-price sealed-bid auction has many other equilibria, but in all 

equilibria the winner is the player who values the object most highly 

(player 1), by the following argument:

Å in any action profile (b1, ébn)in which some player iÍ1 wins, 

we have bi > b1. 

Â If bi > v2, then i payoff is negative, so that she can do 

better by reducing her bid to 0

Â if biÒ v2, then player 1 can increase her payoff from 0 to 

v1-bi by bidding bi, in which case she wins.
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3.5 Auctions

Â Exercise 87.1 (First-price sealed-bid auction)

Show that in a Nash equilibrium of a first-price sealed-bid 

auction the two highest bids are the same, one of these 

bids is submitted by player 1, and the highest bid is at 

least v2 and at most v1. Show also that any action profile 

satisfying these conditions is a Nash equilibrium.
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3.5 Auctions

Å As in the second-price auction sealed-bid auction, the potential 

ñriskinessò to player i of a bid bi > vi is reflected in the fact that it is 

weakly dominated by the bid vi, as shown by the following argument:

Â if the other playersô bids are such that player i loses when she bids 

bi, then the outcome is the same whether she bids bi or vi

Â it the other playersô bids are such that player i wins when she bids 

bi, then her payoff is negative when she bids bi and zero when she 

bids vi (regardless of whether this bid wins)

Å However, unlike a second-price auction, in a first-price auction, a bid bi

< vi of player i is not weakly dominated by the bid vi (it is in fact not 

weakly dominated by any bid):

Â it is not weakly dominated by a bid bôi<bi because if the other 

playersô highest bid is between bôi and bi, then bôi loses whereas bi

wins and yields player i a positive payoff

Â it is not weakly dominated by a bid bôi>bi because if the other 

playersô highest bid is less than bi, then both bi and bôi win and bi

yield a lower price.
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3.5 Auctions

Å Note also that, though the bid vi weakly dominates higher bids, 

this bid is itself weakly dominated by a lower bid! The 

argument is the following:

Â if player i bids vi, her payoff is 0 regardless of the other 

playersô bids

Â whereas, if she bids less than vi, her payoff is either 0 (if 

she loses) or positive (if she wins)

In a first-price sealed-bid auction (with perfect information), a playerôs 

bid of at least her valuation is weakly dominated, and a bid of less than 

her valuation is not weakly dominated.

An implication of this result is that in every Nash equilibrium of a first-

price sealed-bid auction at least one playerôs action is weakly 

dominated.
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3.5 Auctions

Å Note finally that this property of the equilibria depends on the 

assumption that a bid may be any number. In the variant of the game in 

which bids and valuations are restricted to be multiples of some discrete 

monetary unit Ů, 

Â an action profile (v2-Ů, v2- Ů, b3, ébn) for any bjÒ vj- Ůfor j = 3, én

is a Nash equilibrium in which no playerôs bid is weakly dominated.

Â further, every equilibrium in which no playerôs bid is weakly 

dominated takes this form.

If Ů is small, this is very close to (v2, v2, b3, ébn) : this equilibrium is 

therefore (on a somewhat ad-hoc basis) considered as the distinguished 

equilibria of a first-price sealed-bid auction.

One conclusion of this analysis is that, while both second-price and first-price 

auctions have many Nash equilibria, their distinguished equilibria yield the 

same outcome: in every distinguished equilibrium of each game, the object is 

old to player 1 at the price v2. This is notion of revenue-equivalence is a 

cornerstone of the auction theory and will be analyzed in depth later.
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3.5 Auctions

Ä 3.5.4 Variants

Â Uncertain valuation: we have assumed that each bidder is certain 

of both her own valuation and every other bidderôs valuation, which 

is highly unrealistic. We will study the case of imperfect information 

in Chap. 9 (in the framework of Bayesian games)

Â Common valuations: in some auction, the main difference 

between bidders is not that they value the object differently but that 

they have different information about its value (eg, oil tract 

auctions). As this also involve informational considerations, we will 

again study this in Chap. 9.

Â All-pay auctions: in some auctions, every bidder pay, not only the 

winner (eg, competition of loby groups for government attention).
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3.5 Auctions

Â Mutiunit auctions: in some auctions, many units of an object are 

available (eg, US Treasury bills auctions) and each bidder may 

value positively more than one unit. Each bidder chooses therefore 

a bid profile (b1,b2,ébk) if there are k units to sell. Different auction 

mechanisms exist and are characterized by the rule governing the 

price paid by the winner:

Å Discriminatory auction: the price paid for each unit is the 

winning bid for that unit

Å Uniform-price auction: the price paid for each unit is the 

same, equal to the highest rejected bid among all the bids for 

all unit

Å Vickrey auction (of the name of Nobel prize): a bidder wins k

objects pays the sum of the k highest rejected bids submitted 

by the other bidders.



4. Mixed Strategy 

Equilibrium
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4.1. Introduction

Ä 4.1.1. Stochastic steady state

Â Nash Equilibrium in a strategic game: action profile in which every 

playerôs action is optimal given every other playerôs action (see def. 

23.1)

Å This corresponds to a steady state of the game: 

Â every playerôs behavior is the same whenever she plays 

the game

Â no player wishes to change her behavior, knowing (from 

experience) the other playersô behavior

Å In such a framework, the outcome of every play of the game is 

the same Nash equilibrium

Â More general notion of steady state exists
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4.1. Introduction

Å playersô choices are allowed to vary:

Â different members of a given population may choose 

different actions, each player choosing the same action 

whenever she plays the game

Â each individual may, on each occasion she plays the 

game, choose her action probabilistically according to 

the same, unchanging, distribution

Ą these situations are equivalent: 

Ą in the first case, a fraction p of the population 

representing player i chooses the action a

Ą in the second case, each member of the population 

representing player i chooses the action a with 

probability p

These notion of (stochastic) steady state of 

modeled as mixed strategy Nash equilibrium



Game Theory - A (Short) Introduction 951/14/2010

4.1. Introduction

Ä 4.1.2 Example: Matching Pennies

Player 1

Player 2

Head

Tail

Head Tail

(1,-1)

(-1,1)

(-1,1)

(1,-1)

Outcomes

The game has no Nash equilibrium: no pair of 

action is compatible with a steady state.
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4.1. Introduction

Â The game has however stochastic steady state in which each 

player chooses each of her actions with probability 1/2 :

Å Suppose that player 2 chooses each of her actions with probability ½ 

Å If player 1 chooses Head with probability p and Tail with probability (1-

p), then:

Â each outcome (Head,Head) and (Head,Tail) occurs with 

probability p ½ 

Â each outcome (Tail,Head) and (Tail,Tail) occurs with 

probability (1-p) ½ 

Å Thus, the probability that the outcome is either (Head,Head) or 

(Tail,Tail) (in which case player 1 wins 1$) ½ p + ½ (1-p) = ½.

Å The other two outcomes (Head,Tail) and (Tail,Head) (which correspond 

to a loss of 1$) have also probability ½ 
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Ą the probability distribution over outcome is independent of p!

Ą every value of p is optimal (in particular ½ )!

Ą the same analysis hold for player 2. We conclude that the 

game has a stochastic steady state in which each player 

chooses each action with probability ½ .

Â Moreover (under a reasonable assumption on the playersô 

preferences), the game has no other steady state :

Å Assumption: each player wants the probability of her gaining 

1$ to be as large as possible

Å Denote q the probability with which player 2 chooses Head 

(she chooses Tail with probability (1-q) )

Å If player 1 chooses Head with probability p, she gains 1$ with 

probability pq + (1-p)(1-q) (outcomes Head,Head or Tail,Tail) 

and she looses 1$ with probability (1-p)q + p(1-q).
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Å Note that:

Â Player 1 wins 1$ : pq + (1-p)(1-q) = 1-q + p(2q-1)

Â Player 1 loses 1$:(1-p)q + p(1-q).= q + p (1-2q)

Å If q < ½, the first probability (winning 1$) is decreasing in p and 

the second probability (loosing 1$) is increasing in p. Player 1 

chooses therefore p = 0. 

Å Thus, if player 2 chooses Head with probability less than ½, 

the best response of player 1 is to choose Tail with certainty. 

Å A similar argument shows that if player 2 chooses Head with 

probability superior to ½, the best response of player 1 is to 

choose Head with certainty.

Å We already have shown that is one player is choosing a given 

action with certainty (Nash Equilibrium), there is no steady 

state.
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Ä 4.1.3 Generalizing the analysis: expected payoffs

Â The matching pennies case is particularly simple because it has 

only two outcomes for each player, allowing to deduce playersô 

preferences regarding lotteries (probability distributions) over 

outcomes from their preferences regarding deterministic outcomes: 

Ą if a player prefers a to b and if p > q, he most likely prefers a 

lottery in which a occurs with probability p (and b with probability 

(1-p)) to a lottery in which a occurs with probability q (and b with 

probability (1-q))

Â To deal with more general cases (eg, more than two outcomes), 

we need to add to the model a description of her preferences 

regarding lotteries (probability distribution) over outcomes
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Â The standard approach is to restrict attention to preferences 

regarding lotteries (probability distribution) over outcomes that may 

be represented by the expected value of a payoff function over 

deterministic outcomes:

Å for every player i, there is a payoff function ui, with the 

property that player i prefers one probability distribution over 

outcomes to another if and only if, according to ui, the 

expected value of the first probability distribution exceeds the 

expected value of the second probability distribution.

Å eg. : 

Â three outcomes: a, b, c

Â two prob. dist.: P(pa,pb,pc) and Q(qa,qb,qc)

Ą for each player i, prob. dist. P is preferred to prob. dist. Q

if and only if paui(a) + pbui(b) + pcui(c) > qaui(a) + qbui(b) + 

qcui(c)Preferences that can be represented by the expected value of a 

payoff function over deterministic outcomes are called vNM (von 

Neumann ïMorgenstern) preferences. 

A payoff function whose expected value represents such 

preferences is called a Bernouilli payoff function.
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Ä The restrictions on preferences regarding prob. dist. over 

outcomes required for them to be represented by expected 

value of a payoff function are not innocuous (see violations 

example on page 104). They are however commonly accepted 

in game theory.

Ä However, these restriction do not restrict player attitudes to risk:

Â eg. : 

Å suppose that a,b and c are three outcomes. A person prefers a to b to c. 

If the person is very averse to risky outcomes, she prefers then to obtain 

b for sure rather than to face a prob. dist. in which a occurs with 

probability p and c with probability (1-p), even if p is relatively large. 

Å such preferences can be represented by the expected value of a payoff 

function u for which u(a) is close to u(b), which is much larger than u(c)

c b a

u(a)

u(b)

u(c)

(Figure 103.1)
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Å Note that if the outcomes are amount of money and if the preferences 

are represented by the expected value of the amount of money, the 

player is risk neutral.

Å In the reality:
Å the fact that people buy insurance (the expected payoff is inferior to the 

insurance fee) show that economic agents are risk averse.

Å the fact that people buy lottery tickets shows that, in some 

circumstance, than can be risk preferring (small investment, extremely 

high payoff.

Ą in both cases, the preferences can be represented by the expected 

value of a payoff function:
Å concave in case of risk aversion

Å convex in case of risk preference

Å Note finally that given preferences, many different payoff functions can 

be used to represented them. It is the ordering that matter.
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players may randomize

Ä Definition 106.1 (Strategic game with vNM preferences)

A strategic game with vNM preferences consists of

Â a set of players

Â for each player, a set of actions

Â for each player, preferences regarding prob. dist. over action 

profiles that may be represented by the expected value of a 

(Bernoulli) payoff function over action profiles. 

Ä Representation: a two-player strategic game with vNM preferences in 

which each player has finitely many actions may be represented in a 

table like in Chapter 2. However, the interpretation of the number is 

different: 

Â in Chapter 2, numbers are values of payoff functions that represent the 

playersô preferences over deterministic outcome

Â here, numbers are values of (Bernoulli) payoffs whose expected values 

represent the playersô preferences over prob. dist..
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players may randomize

Ä The change is subtle but important (figure 107.1)

The 2 games represent the same game with ordinal preferences (the 

prisonerôs dilemma).

However, the 2 games represent different strategic games with vNM

preferences:

Â left game: playerôs 1 payoff to (Q,Q) is the same as her expected payoff 

to the prob. dist. that yield (F,Q) with probability ½ and (F,F) with 

probability ½

Â right game: her payoff to (Q,Q) is higher than her expected payoff to this 

prob. dist.

Q

F

Q

F

Q F Q F

2,2

3,0

0,3

1,1

3,3

4,0

0,4

1,1
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4.3 Mixed strategy Nash 

equilibrium

Ä 4.3.1 Mixed strategies

Â We allow now each player to choose a probability distribution over 

her set of actions (rather than restricting her to choose a single 

deterministic action)

Â Definition 107.1 (Mixed strategy)

A mixed strategy of a player in a strategic game is a probability 

distribution over the playerôs actions.

Â Notations:

Å Ŭ: profile of mixed strategies

Å Ŭi(ai): probability assigned by player iôs mixed strategy Ŭi to her 

action ai
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equilibrium

Å eg: in Matching pennies, the strategy of player 1 that assigns 

probability ½ to each action is the strategy Ŭ1(Head)= ½ and 

Ŭ1(Tail) = ½. 

Å Shortcut: mixed strategies are often written as a list of 

probabilities (one for each action), in the order the actions are 

given in the table (see table 107.1).

eg.: ( ½ , ½ ) assigns, in table 107.1, probability ½ to Q and 

probability ½ to F.

Â Note that a mixed strategy may assign probability 1 to a single 

action. In that case, such as strategy is referred as a pure

strategy.
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equilibrium

Ä 4.3.2 Equilibrium

The mixed strategy Nash equilibrium extend the concept of 

Nash equilibrium to the probabilistic setup.

Definition 108.1 (Mixed strategy Nash equilibrium of strategic 

game with vNM preferences)

The mixed strategy profiles Ŭ*in a strategic game with vNM

preferences is a mixed strategy Nash equilibrium if, for each 

player i and every mixed strategy Ŭi of player i, the expected 

payoff to player i of Ŭ*is at least as large as the expected payoff 

payoff to player i of (Ŭi,Ŭ-i*), according to a payoff function 

whose expected value represents player iôspreferences over 

prob. dist.

. profilestrategy  mixed  the topayoff expected s'player  is )( where

player  of strategy  mixedevery for  ),*,(*)(
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aaaa
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4.3 Mixed strategy Nash 

equilibrium

Ä 4.3.3 Best response functions

Â Notation: Bi is player iôsbest response function

Â For strategic game with ordinal preferences: Bi(a-i) is the set of 

player iôsbest actions when the list of the other playersô actions is 

a-i

Â For a strategic game with vNM preferences, Bi(Ŭ-i) is the set of 

player iôsbest mixed strategies when the list of the other playersô 

mixed strategies is Ŭ-i.

the mixed strategy profile Ŭ*is a mixed strategy Nash 

equilibrium if and only if Ŭ*i is in Bi(Ŭ*-i) for every player i

eg.: in the Matching Pennies, the set of best responses to a mixed 

strategy of the other player is either a single pure strategy or the set of all 

mixed strategy.
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4.3 Mixed strategy Nash 

equilibrium

Â Two players ïtwo actions games

Å Player 1 has action T and B

Å Player 2 has action L and R

Å ui (i=1,2) denotes a Bernoulli payoff function for player i (payoff 

over action pair whose expected value represents player iôs

preferences regarding  prob. dist. over action pairs)

Å Player 1 mixed strategy Ŭ1 assigns probability Ŭ1(T) to her 

action T (denoted p) and probability Ŭ1(B) to her action B

(denoted 1-p), with Ŭ1(T) + Ŭ1(B) = 1.

Å Similarly, denotes qthe probability that player 2ôs mixed 

strategy assigns to L et 1-q to R.

Å We take the playersô choices to be independent (when players 

choose the mixed strategies Ŭ1 and Ŭ2, the probability of any 

action pair (a1,a2) is the product of the corresponding 

probabilities assigned by mixed strategies).
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Â From this probability distribution, we can compute player 1ôs 

expected payoff to the mixed strategy pair (Ŭ1, Ŭ2):

which can be written as:

So, the probabilities of the four outcomes are:

T(p)

B(1-p)

L(q) R(1-q)

pq

(1-p)q

p(1-q)

(1-p)(1-q)

(Figure 109.1)
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which can be written more compactly as:

[ ] [ ]),()1(),()1(),()1(),( 1111 RBuqLBuqpRTuqLTuqp ³-+³-+³-+³

Player 1 expected payoff 

when she uses a pure 

strategy that assigns 

probability 1 to T and player 2 

uses a mixed strategy Ŭ2

Player 1 expected payoff 

when she uses a pure 

strategy that assigns 

probability 1 to B and player 2 

uses a mixed strategy Ŭ2

[ ] [ ]2121 ,)1(, aa BEpTpE -+

Player 1ô expected payoff to the mixed strategy pair (Ŭ1,Ŭ2) 

as a weighted average of her expected payoffs to T and B

when player 2 uses the mixed strategy Ŭ2, with weights 

equal to the probabilities assigned to T and B by Ŭ1.
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In particular, player 1ôs expected payoff is a linear function of p

0 p 1

[ ] [ ]2121 ,)1(, aa BEpTpE -+

[ ]21 ,aBE

[ ] [ ]2121 ,, aa BETE >

[ ]21 ,aTE

(Figure 110.1)
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Ä A significant implication of this linearity form of the player 1ôs 

expected payoff is that there is only three possibilities for her 

best response to a given mixed strategy of player 2:

Â player 1ôs unique best response is the pure strategy T (if E1(T,Ŭ2) > 

E1(B,Ŭ2) ): see figure 110.1

Â player 1ôs unique best response is the pure strategy B (if E1(T,Ŭ2) < 

E1(B,Ŭ2) ): see figure 110.1 with a downward sloping line

Â all mixed strategies of player 1 yield the same expected payoff 

(hence, all are best response) (if E1(T,Ŭ2) = E1(B,Ŭ2) ): see figure 

110.1 with a horizontal line

Â in particular, a mixed strategy (p, 1-p) for which 0 < p < 1 is never 

a unique best response.
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equilibrium

Ä Example: Matching Pennies revisited

Â Represent each playerôs preferences by the expected value of a 

payoff unction that assigns the payoff 1 to a gain of $1 and the 

payoff -1 to a loss of $1. The resulting strategic game with vNM 

preferences is (figure 111.1)

Player 1

Player 2

Head

Tail

Head Tail

(1,-1)

(-1,1)

(-1,1)

(1,-1)
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equilibrium

Â Denote by pthe probability that player 1ôs mixed strategy assigns 

to Head and q the probability that player 2ôs mixed strategy assigns 

to Head.

Â Player 1ôs expected payoff to pure strategy Head, given player 2 

mixed strategy is : q . 1 + (1-q) .(-1) = 2qï1

Â Her expected payoff to Tail is : q . (-1) + (1-q) . 1 = 1 ï2q

0 p1

0

1q

½ 

½ 
P1

P2

(Figure 112.1: 

Best response functions)
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Â Thus:

Å if q < ½, player 1ô expected payoff to Tail exceeds her 

expected payoff to Head (and hence exceeds also her 

expected payoff to any mixed strategy that assigns a positive 

probability to Head)

Å similarly, if q > ½, her expected payoff to Head exceeds her 

expected payoff to Tail.

Å if q = ½, then both Head and Tail (and all her mixed strategies) 

lead to the same payoff.

we conclude that player 1ôs best responses to player 2ôs 

strategy are her mixed strategy that assigns probability 0 to 

Head if q < ½ , her mixed strategy that assigns probability 1 to 

Head if q > ½ and all her mixed strategies if q = ½. 
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Â The best response function of player 2 is similar (see figure 112.1)

Â The set of mixed strategy Nash equilibria corresponds (as before) 

to the set of intersections of the best response functions in figure 

112.1.

Matching Pennies has no Nash Equilibrium if players are not 

allowed to randomize !
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equilibrium

Ä Exercise 114.2

Find all the mixed strategy Nash equilibria of the strategic 

games in Figures 114.1

T

B

T

B

L R L R

6,0

3,2

0,6

6,0

0,1

2,2

0,2

0,1

(Figure 114.2)
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Ä Exercise 114.3

Two people can perform a task if, and only if, they both exert effort. They are both 

better off if they both exert effort and perform the task than if neither exerts effort 

(and nothing is accomplished); the worst outcome for each person is that she 

exerts effort and the other person does not (in which case again nothing is 

accomplished). Specifically, the playersô preferences are represented by the 

expected value of the payoff functions in Figure 115.1, which c is a positive 

number less than 1 than can be interpreted as the cost of exerting effort. Find all 

the mixed strategy Nash equilibria of this game. How do the equilibria change as c

increase? Explain the reasons for the changes.

No Effort

Effort

No Effort Effort

0,0

-c,0

0,-c

1-c,1-c

(Figure 115.1)
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Ä 4.3.4 A useful characterization of mixed strategy Nash 

equilibrium

Â The method used up to now to find Mixed strategy Nash equilibria 

involves constructing playersô best response functions. In 

complicated games, this method may be intractable. There is a 

characterization of mixed strategy Nash equilibria that is an 

invaluable tool in the study of generale game.

Â The key is the following observation: a playerôs expected payoff 

to a mixed strategy profile Ŭis a weighted average of her 

expected payoffs to all pure strategy profiles of the type (ai,Ŭ-i), 

where the weights attached to each pure strategy (ai,Ŭ-i) is the 

probability Ŭi(ai) assigned to that strategy aiby the playerôs 

mixed strategy Ŭi (see section 4.3.3).
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Ä Symbolically: 

where:

Â Ai is player iôsset of actions (pure strategies)

Â Ei(ai,Ŭ-i) is her expected payoff when she uses the pure strategy 

that assign probability 1 to ai and every other player j uses her 

mixed strategy Ŭj.

ä
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Ä This leads to the following analysis:

Â Let Ŭ*be a mixed strategy Nash equilibrium

Â Denote by E*i player iôsexpected payoff in the equilibrium

Â Because Ŭ*is an equilibrium, payer iôsexpected payoff, given Ŭ*-i, 

to all her strategies (including all her pure strategies), is at most E*i

Â But E*i is a weighted average of player iôsexpected payoffs to the 

pure strategies to which Ŭ*i assigns probability

Thus, player iôsexpected payoffs to these pure strategies are all 

equal to E*i (if any smaller, then the weighted average would be 

smaller!).
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Ä We conclude that:

Â expected payoff to each action to which Ŭ*i assigns positive 

probability is E*i

Â the expected payoff to every other action is at most E*i

Ä Proposition 116.2

A mixed strategy profile Ŭ* in a strategic game with vNM 

preferences in which each player has finitely many actions is a 

mixed strategy Nash equilibrium if and only if, for each player i,

Â the expected payoff, given Ŭ*-i, to every action to which Ŭ*i assigns 

a positive probability is the same

Â the expected payoff, given Ŭ*-i, to every action to which Ŭ*i assigns 

a zero probability is at most the expected payoff to any action to 

which Ŭ*i assigns a positive probability

Each playerôs expected payoff in an equilibrium is her expected 

payoff to any of her actions that she uses with positive 

probability
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Ä This proposition allows to check whether a mixed strategy 

profile is an equilibrium.

Ä Example 117.1

L(0) C(1/3) R(2/3)

T(3/4)

M(0)

B(1/4)

.,2 3,3 1,1

.,. 0,. 2,.

.,4 5,1 0,7

(Figure 117.1)
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For the game in Figure 117,1 (in which the dots indicate 

irrelevant payoffs), the indicated pair of strategies ((3/4,0,1/4) 

for player 1 and (0,1/3,2/3) for player 2) is a mixed strategy 

Nash equilibrium. 

To verify this claim, it suffices, by proposition 116.2, to study 

each playerôs expected payoffs to her three pure strategies. For 

player 1, these payoffs are:

3
50

3
25

3
1:

3
42

3
20

3
1:

3
51

3
23

3
1:

=+

=+

=+

B

M

T
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Player 1ôs mixed strategy assigns positive probability to T and B

and probability zero to M. So, the two conditions of proposition 

116.2 are satisfied for player 1.

The same verification is easily done for player 2. Note however 

that, for player 2, the action L (which she uses with probability 

0), has the same expected payoff to her other two actions. This 

equality is consistent with proposition 116.2 (no greater than).
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Ä Exercise 117.2 (Choosing numbers)

Players 1 and 2 each choose a positive integer up to K. If the 

players choose the same number, then player 2 pays $1 to 

player 1; otherwise no payment is made. Each playerôs 

preferences are represented by her expected monetary payoff.

Â Show that the game has a mixed strategy Nash equilibrium in 

which each player chooses each positive integer up to K with 

probability 1/K

Â Show that the game has no other mixed strategy Nash equilibria 

(Deduce from the fact that player 1 assigns positive probability to 

some action k that player 2 must do so; then look at the implied 

restriction on player 1ôs equilibrium strategy) 
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Ä Note finally that 

Â an implication of Proposition 116.2 is that a nondegenerate mixed 

strategy equilibrium (a mixed strategy equilibrium that is not also a 

pure strategy equilibrium) is never a strict Nash equilibrium: every 

player whose mixed strategy assigns a positive probability to more 

than one action is indifferent between her equilibrium mixed 

strategy and every action to which this mixed strategy assigns 

positive probability.

Â The theory of mixed Nash equilibrium does not state that players 

consciously choose their strategies at random given the equilibrium 

probabilities. Rather, the conditions for equilibrium are designed to 

ensure that it is consistent with a steady state. The question of how 

a steady state may come about remains to be studied at this stage.
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Ä 4.3.5 Existence of equilibrium in finite games

Proposition 119.1 (Existence of mixed strategy Nash 

equilibrium in finite games)

Every strategic game with vNM preferences in which each player 

has finitely many actions has a mixed strategy Nash equilibrium.

This proposition does not help to find the equilibrium but it is a 

useful fact. 

Note also that:

Â the finiteness of the number of actions is a sufficient condition for 

the existence of an equilibrium, not a necessary one.

Â that a playerôs strategy in mixed strategy Nash equilibrium may 

assign probability 1 to a single action.
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4.4 Dominated actions

Ä Definition 120.1 (Strict Domination)

In a strategic game with vNM preferences, player iôs mixed 

strategy Ŭi stricly dominates her action aôi if:

where ui is a Bernoulli payoff function and Ui(Ŭi,a-i) is player iôs 

expected payoff under ui when she uses the mixed strategy Ŭi

and the actions chosen by the other players are given by a-i.

actions players'other  for the list every for  ),'(),( iiiiiii aaauaU --- >a



Game Theory - A (Short) Introduction 1311/14/2010

4.4 Dominated actions

Ä An action not strictly dominated by any pure strategy may be 

strictly dominated by a mixed strategy (see Figure 120.1)

T

M

L R

1

4

1

0

(Figure 120.1)

B 0 3

The action T of player 1 is not strictly (or weakly) dominated 

by M or B, but it is strictly dominated by the mixed strategy 

that assigns probability ½ to M and probability ½ to B.
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Ä Exercise 120.2 (Strictly dominated mixed strategy)

In Figure 120.1, the mixed strategy that assigns probability ½ to 

M and ½ to B is not the only mixed strategy that strictly 

dominates T. Find all the mixed strategy that do so.

Ä Exercise 120.3 (Strict domination for mixed strategies)

Determiner whether each of the following statements is true of 

false:

Â A mixed strategy that assigns positive probability to a strictly 

dominated action is strictly dominated.

Â A mixed strategy that assigns positive probability only to actions 

that are not strictly dominated is not strictly dominated.
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Ä A strictly dominated action is not a best response to any 

collection of mixed strategies of the other players

Â Suppose that player iôs action aôi is strictly dominated by her mixed 

strategy Ŭi

Â Player iôs expected payoff Ui(Ŭi,Ŭ-i) when she uses the mixed strategy 

Ŭi and the other players use the mixed strategies Ŭ-i is a weighted 

average of her payoffs Ui(Ŭi,a-i) as a-i varies over all the collections of 

action for the other players, with the weight on each a-i equal to the 

probability with which it occurs when the other playersô mixed 

strategies are Ŭ-i.

Â Player iôs expected payoff when she uses the action aôi and the other 

players use the mixed strategies Ŭ-i is a similar weighted average; the 

weights are the same but the terms take the form ui(aôi,a-i), rather than 

Ui(Ŭi,a-i).

Â The fact that aôi is strictly dominated by Ŭi means that Ui(Ŭi,a-i) >   

ui(aôi,a-i) for every collection a-iof the playersô actions. 

Â Hence player iôs expected payoff when she uses the mixed strategy Ŭi

exceeds her expected payoff when she uses the action aôi, given Ŭ-i.
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Consequently, a strictly dominated action is not used with 

positive probability in any mixed strategy Nash equilibrium.

Definition 121.1 (Weak domination)

In a strategic game with vNM preferences, player iôs mixed 

strategy Ŭi weakly dominates her action aôi if:

and

where ui is a Bernoulli payoff function and Ui(Ŭi,a-i) is player iôs 

expected payoff under ui when she uses the mixed strategy Ŭi

and the actions chosen by the other players are given by a-i.

actions playes'other   theof list every for  ),'(),( iiiiiii aaaUaU --- ²a
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Ä Note that, as a weakly dominated action may be used in a Nash 

equilibrium, a weakly dominated action may be used with a 

positive probability in a mixed strategy equilibrium. We can 

therefore not eliminate weakly dominated actions from 

consideration when finding mixed strategy equilibrium.

However:

Proposition 122.1 (Existence of mixed strategy Nash 

equilibrium with no weakly dominated strategies in finite games)

Every strategic game with vNM preferences in which each 

player has finitely many actions has a mixed strategy Nash 

equilibrium in which no playerôs strategy is weakly dominated.
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4.5 Pure equilibria when 

randomization is allowed

Ä Equilibria when the players are not allowed to randomize 

remain equilibria when they are allowed to randomize

Proposition 122.2 (Pure strategy equilibria survive when 

randomization is allowed)

Let a* be a Nash equilibrium of G and for each player i, let Ŭ*i
be the mixed strategy of player i that assigns probability one to 

the action a*i. Then Ŭ* is a mixed strategy Nash equilibrium of 

Gô.
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4.5 Pure equilibria when 

randomization is allowed

Ä Any pure equilibria that exist when the players are allowed to 

randomize are equilibria when they are not allowed to 

randomize.

Proposition 123.1 (Pure strategy equilibria survive when 

randomization is prohibited)

Let Ŭ* be a mixed strategy Nash equilibrium of Gôin which the 

mixed strategy of each player i assigns probability one to the 

single action a*i. The a* is a Nash equilibrium of G.
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4.5 Pure equilibria when 

randomization is allowed

Ä To establish these two propositions, let N be a set of players 

and let Ai, for each player i, be a set of actions. 

Ä Consider the following two games:

Â G: the strategic game with ordinal preferences in which the set of 

players is N, the set of actions of each player i is AI, and the 

preferences of each player i are represented by the payoff function 

ui

Â Gô: the strategic game with vNM preferences in which the set of 

players is N, the set of actions of each player i is Ai, and the 

preferences of each player i are represented by the expected 

value of ui
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4.5 Pure equilibria when 

randomization is allowed

Ä Proposition 122.2

Let a* be a Nash equilibrium of G, and for each player i let Ŭ*i
be the mixed that assigns probability 1 to a*i. Since a* is a Nash 

equilibrium of G, we know that in Gôno player i has an action 

that yields her a payoff higher than does a*i when all other 

players adhere to Ŭ*-i. Thus Ŭ*satisfies the two conditions in 

Proposition 116.2. So, it is a mixed strategy equilibrium of Gô.

Ä Proposition 123.1

Let Ŭ*be a mixed strategy Nash equilibrium of Gôin which every 

playerôs mixed strategy is pure. For each player i, denote a*i the 

action to which Ŭi assigns probability one. Then, no mixed 

strategy of player i yields her a payoff higher than does Ŭ*i. Thus 

a* is Nash equilibrium of G.
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4.7 Equilibrium in a single 

population

Ä Definition 129.1 (Symmetric two-player strategic game with 

vNM preferences)

A two-player strategic game with vNM preferences is symmetric 

if the playersô sets of actions are the same and the playersô 

preferences are represented by the expected values of payoff 

functions u1 and u2 for which u1(a1,a2) = u2(a2,a1) for every 

action pair (a1,a2).

Ä Definition 129.2 (Symmetric mixed strategy Nash equilibrium)

A profile Ŭ*of mixed strategies in a strategic game with vNM 

preferences in which each player has the same set of actions is 

a symmetric mixed strategy Nash equilibrium if it is a mixed 

strategy Nash equilibrium and Ŭ*i is the same for every player i.
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4.7 Equilibrium in a single 

population

Ä Game of approaching pedestrian (Figure 129.1)

This game has two deterministic steady states ( (Left,Left) and 

(Right,Right) ), corresponding to the two symmetric Nash equilibria in 

pure strategies.

The game has also a symmetric mixed strategy Nash equilibrium, in 

which each player assigns probability ½ to Left and probability ½ to 

Right.

This equilibrium corresponds to a steady state in which half of all 

encounters result in collisions!

Left

Right

Left Right

1,1

0,0

0,0

1,1

(Figure 115.1)
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4.7 Equilibrium in a single 

population

Ä Exercise 130.3 (Bargaining)

Pairs of players from a single population bargain over the division of a 

pie of size 10. The members of a pair simultaneously make demands.  

The possible demands are nonnegative even integers up to 10.

If the demands sum to 10, then each player receives her demand. If the 

demands sum to less than 10, then each player receives her demand 

plus half of the pie that remains after both demands have been 

satisfied. If the demands sum to more than 10, then neither player 

receives any payoff.

Find all the symmetric mixed strategy Nash equilibria in which each 

player assigns positive probability to at most two demands (many 

situations in which each player assigns positive probability to two 

actions ïsays aôand aôôïcan be ruled out as equilibria because when 

one player uses such strategy, some action yields the other player a 

payoff higher than does one or both of the actions aôand aôô).
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4.9 The formation of playersô 

beliefs

Ä In a Nash equilibrium, each player chooses a strategy that 

maximizes her expected payoff, knowing the other playersô 

strategies.

Ä The idea underlying the previous analysis is that the players 

have learned each otherôs strategies from their experience

playing the game.

Ä The idealized situation is the following:

Â for each player in the game, there is a large population of 

individuals who may take the role of that player

Â in any play of the game, one participant is drawn randomly from 

each population

In this situation, a new individual who joins a population can 

learn the other playersô strategies by observing their actions 

over many plays of the game.
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4.9 The formation of playersô 

beliefs

Ä As long as the number of new players is low, existing playersô 

encounters with neophytes (who may use nonequilibrium 

strategies) will be sufficiently rare that their beliefs about the 

steady state will not be disturbed. So, a new playerôs problem is 

simply to learn the other playersô actions.

Ä But, what might happen if new players simultaneously join more 

than one population in sufficient numbers, such that the 

probability that they encounter is not anymore small? In 

particular, can we expect a steady state to be reached if no one 

has experience?
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4.9 The formation of playersô 

beliefs

Ä 4.9.1 Eliminating dominated actions

In some games, players may reasonably be expected to choose 

their Nash equilibrium actions from an introspective analysis of 

the game: 

Â At the extreme (eg., the Prisonerôs Dilemma), playersô best action 

are independent of the other playersô actions.

Â In a less extreme case, some playerôs best action may depend on 

the other playersô actions, but the actions the other players will 

choose may be clear because each of these players has an action 

that strictly dominates all others.
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4.9 The formation of playersô 

beliefs

eg.: in the game in Figure 135.1, player 2ôs action R strictly 

dominates L. So, no matter what player 2 thinks player 1 will be 

playing, she should choose R. Consequently, player 1, who can 

deduce by this argument that player 2 will choose R, may 

reason that she should choose B, even without any expercience 

of the game.

T

B

L R

1,1

0,0

0,0

1,1

(Figure 135.1)
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4.9 The formation of playersô 

beliefs

Ä 4.9.2 Learning

Another approach to the question of how a steady state might be 

reached assumes that player learns:

Â she starts with an unexplained ñpriorò belief about the other playersô 

actions

Â she changes these beliefs in response to information she receives

Ä Two theories are:

Â Best Response Dynamics: a simple theory assumes that in each 

period after the first, each player believes that the other players will 

choose the actions the chose in the previous period:

Å at the first period, each player chooses a best response to an arbitrary 

deterministic belief about the other playersô actions

Å in every subsequent period, each player chooses a best response to the 

other playersô action in the previous period

An action profile that remains the same from period to period (steady 

state) is then a pure Nash equilibrium of the game. The two questions 

are then:

Å does the game convergence to a steady state?

Å how long does it take to converge?
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4.9 The formation of playersô 

beliefs

Â eg.: the BoS game (example 18.2), for some initial beliefs, 

does not converge:

Ä if player 1 initially believes that player 2 will choose 

Stravinsky and player 2 believes that player 1 will 

initially choose Bach, then the playersô choices will 

subsequently alternate in definitively between the 

action pairs (Bach, Stravinsky) and 

(Stravinsky,Bach).

Â Fictitious play: under the Best Response Dynamics, a playerôs 

belief does not admit the possibility that her opponentsô actions are 

realizations of mixed strategies. Under the Fictitious play theory, 

players consider actions in all the previous periods when forming a 

belief about their opponentsô strategies. They treat these actions as 

realizations of mixed strategies:

Å each player begins with an arbitrary probabilistic belief about 

the other playerôs action

Å then, in any period, she adopts the belief that her opponent is 

using a mixed strategy in which the probability of each action is 

proportional to the frequency with which her opponent chose 

that action in the previous periods.



Game Theory - A (Short) Introduction 1491/14/2010

4.9 The formation of playersô 

beliefs

Å Note that:

Â in any two-players game in which the player has two 

actions (eg, the Matching Pennies), this process 

converges to a Mixed strategy Nash equilibrium from any 

initial beliefs;

Â for other games, there are initial beliefs for which the 

process does not converge.
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4.10 Extension: finding all 

mixed strategy Nash equilibria

Ä The following systematic method can be used to find all mixed strategy 

Nash equilibria of a game:

Â For each player i, choose a subset Si of her set of Ai of actions

Â Check whether there exists a mixed strategy profile Ŭsuch that:

Å (i) the set of actions to which strategy Ŭi assigns positive probability is Si

Å (ii) Ŭsatisfies the conditions of Proposition 116.2

Â Repeat the analysis for every collection of subsets of the playersô sets 

of actions.

Ä The shortcoming of the method is that for games in which each player 

has several strategies, or in which there are several players, the 

number of possibilities to examine is huge. In a two player game in 

which each player has three actions:

Â each playerôs set of action has seven non-empty subset (three actions 

consisting of a single action, three consisting of two actions, and one 

consisting of the entire set of actions). 

Â so that there are 49 (7x7) possible collections of subsets to check. 
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4.10 Extension: finding all 

mixed strategy Nash equilibria

Ä Example 138.1: Finding all mixed strategy equilibria of a two-

player game in which each player has two actions.

Â Denote the actions and payoffs as in Figure 139.1.

Â Each playerôs set of actions has three nonempty subsets:

Å two each consisting of a single action

Å one consisting of both action

Â Thus, there are nine (3x3) pairs of subsets of the playersô action 

sets.

T

B

L R

u11,v11

u21,v21

u12,v12

u22,v22

(Figure 139.1)
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4.10 Extension: finding all 

mixed strategy Nash equilibria

Â For each pair (S1,S2), we check if there is a pair (Ŭ1,Ŭ2) of mixed 

strategies such that each strategy Ŭi assigns positive probability 

only to actions in Si and the conditions in Proposition 116.2 are 

satisfied:

Å checking the four pairs of subsets in which each playerôs 

subset consists of a single action amounts to checking whether 

any of the four pairs of actions is a pure strategy equilibrium.

Å consider the pair of subsets {T,B} for player 1 and {L} for player 

2:

Â the second condition in Proposition 116.2 is automatically 

satisfied for player 1 (she has no actions to which she 

assigns probability 0)

Â the first condition in Proposition 116.2 is automatically 

satisfied for player 2 (she assigns positive probability only 

to one action).
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4.10 Extension: finding all 

mixed strategy Nash equilibria
Å Thus, for there to be a mixed strategy equilibrium in which 

player 1ôs probability of using T is p, we need:

Â u11 = u21: player 1ôs payoffs to her two actions must be 

equal

Â p v11+(1-p) v21Ó p v12+(1-p) v22 : L must be at least as 

good as Rgiven player 1ôs mixed strategy.

Å A similar argument applies to the three other pairs of subsets 

in which one playerôs subset consists of both her actions and 

the other playerôs subset consists of a single action.

Å To check finally whether there is a mixed strategy equilibrium 

in which the subsets are {T,B} for player 1 and {L,R} for player 

2, we need to find a pair of mixed strategy that satisfied the 

first condition of Proposition 116.2 (the second condition being 

automatically satifisfied, no action having 0 probability). That is, 

we need to find p and q such as:

Â q u11 + (1-q) u12 = q u21 + (1-q) u22

Â p v11 + (1-p) v21 = p v21 + (1-p) v22
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4.10 Extension: finding all 

mixed strategy Nash equilibria

Ä Example 139.2: Find all mixed strategy equilibria of a variant of 

BoS

Ä Exercise 141.1: Find all mixed strategy equilibria of a two-

player game

B

S XB

S

4,2 0,0 0,1

0,0 2,4 1,3

(Figure 139.2)

T

M RL

B

2,2 0,3 1,3

3,2 1,1 0,2

(Figure 141.1)
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4.10 Extension: finding all 

mixed strategy Nash equilibria

Ä Exercise 142.1: Find the mixed strategy Nash equilibria of the 

three player game in Figure 142.1 (each player has two actions)

A

B

A B

1,1,1

0,0,0

0,0,0

0,0,0

(Figure 142.1)
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4.11 Extension: games in which 

each player as a continuum of 

actions

Ä Consider now the case of a continuum of actions: the principle involved 

in finding mixed strategy equilibria of games are the same as for games 

with finitely many actions, though the techniques are different.

Ä In a game in which a player has a continuum of actions, a mixed 

strategy of a player is determined by the probabilities it assigns to sets

of actions.

Ä Proposition 116.2 becomes

Proposition 142.2 (Characterization of mixed strategy Nash 

equilibrium)

A mixed strategy profile Ŭ* in a strategic game with vNM preferences is 

a mixed strategy Nash equilibrium if and only if, for each player i,

Â Ŭ*i assigns probability zero to the set of actions ai for which the action 

profile (ai,Ŭ*-i) yields player i an expected payoff less than her expected 

payoff to Ŭ*.

Â for no action ai does the action profile (ai,a*-i) yield player i an expected 

payoff greater than her expected payoff to Ŭ*.
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4.11 Extension: games in which 

each player as a continuum of 

actions

Ä Games with continuum of actions can be very complex to 

analyze. A significant class of games consist of games in which 

each playerôs set of actions is a one-dimensional interval of 

numbers:

Â Consider such a game with two players

Â Let player iôs set of actions be the interval from a-i to a+i, for i=1,2

Â Identify each playerôs mixed strategy with a cumulative probability 

distribution of this interval: the mixed strategy of each player i is a 

nondecreasing function Fi for which 0ÒFi(ai)Ò1, for every action ai. 

The number Fi(ai) is the probability that player iôs action is at most 

ai.

Â the form of a mixed strategy Nash equilibrium in such a game can 

be very complex but some such games, however, have equilibria of 

a particularly simple form, in which each playerôs equilibrium mixed 

strategy assigns probability zero except in an interval.



Game Theory - A (Short) Introduction 1581/14/2010

4.11 Extension: games in which 

each player as a continuum of 

actions

Â The mixed strategies (F1,F2) satisfies the following conditions for 

i=1,2:

Å There are numbers xi and yi such that player iôs mixed strategy 

Fi assigns probability zero except in the interval from xi to yi: 

Fi(z)=0 for z<xi, and Fi(z)=1, for z Ó yi.

Å Player iôs expected payoff when her action is ai and the other 

player uses her mixed strategy Fj takes the form:

Â = ci for xiÒ aiÒ yi

Â Ò ci for ai < xi and ai > yi

where ci is a constant.
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4.11 Extension: games in which 

each player as a continuum of 

actions

Ä Example 143.1 (All-pay auction)

Two people submit sealed bid for an object worth $K for each of 

them. Each personôs bid may be any nonnegative number up to 

$K. The winner is the person whose bid is higher. In the event 

of a tie, each person receive half of the object (which she 

values at $K/2). Each person pays her bid, regardless of 

whether she wins, and has preferences represented by the 

expected amount of money the receives.
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4.11 Extension: games in which 

each player as a continuum of 

actions

Ä This situation may be modeled by the following strategic game:

Â Players: the two bidders

Â Actions: each playerôs set of actions is the set of possible bids 

(nonnegative numbers up to K)

Â Payoff functions: Each player iôs preferences are represented by 

the expected value of the payoff function given by:
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eg.: a competition among two firms to develop a new product by 

some deadline, where the firm that spends the most develops a 

better product, which capture the entire market.
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4.11 Extension: games in which 

each player as a continuum of 

actions

Ä An all-pay auction has no pure strategy Nash equilibrium, by the 

following argument:

Â No pair of actions (x,x) with x < K is a Nash equilibrium because 

either player can increase her payoff by slightly increasing her bid

Â (K,K) is not a Nash equilibrium because either player can increase 

her payoff from ïK/2 to 0 by reducing her bid to 0

Â No pair of actions (a1,a2) with a1Ía2 is a Nash equilibrium because 

the player whose bid is higher can increase her payoff by reducing 

her bid (and the player whose bid is lower can, if her bid is positive, 

increase her payoff by reducing her bid to 0)
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4.11 Extension: games in which 

each player as a continuum of 

actions

Ä Consider the possibility that the game has mixed strategy Nash 

equilibrium. Denote Fi the mixed strategy (cumulative density 

function over the interval of possible bids). 

Ä We look for an equilibrium in which neither mixed strategy 

assigns positive probability to any single bid (there are infinitely 

many possible bids and for continuous random variables, 

Prob(x=c)=0). 

Ä In that case, Fi(ai) is the probability that player i bids at most ai

and the probability that she bids less than ai.

Ä We restrict our attention to strategy pairs (F1,F2) for which, for 

i=1,2, there are numbers xi and yi such that Fi assigns positive 

probability only to the interval form xi to yi.
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4.11 Extension: games in which 

each player as a continuum of 

actions

Ä To investigate the possibility of such an equilibrium, consider 

player 1ôs expected payoff when she uses the action a1, given 

player 2ôs mixed strategy F2:

Â if a1 < x2, then a1is less than player 2ôs bid with probability one, so that 

player 1ôs payoff is ïa1

Â if a1 > y2, then a1exceeds player 2ôs bid with probability one, so that 

player 1ôs payoff isK-a1

Â if x2Ò a1Ò y2, then player 1ôs expected payoff is:

Å with probability F2(a1),player 2ôs bid is less than 1, in which case player 

1ôs payoff is K-a1

Å with probability 1-F2(a1), player 2ôs bid exceeds a1, in which case player 

1ôs payoff is ïa1

Å by assumption, the probability that player 2ôs bid exactly equal to a1 is 

zero

Player 1 expected payoff is (K-a1) F2(a1) + (-a1) (1-F2(a1)) = KF2(a1)-a1
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4.11 Extension: games in which 

each player as a continuum of 

actions

Ä We need to find values of x1 and y1 and a strategy F2 such that 

player 1ôs expected payoff satisfies condition of Proposition 

142.2

a-1 a+1x1 y1

c1

(Figure 144.1)

it is a constant on the interval x1 to y1 and less than this 

constant outside this interval.
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4.11 Extension: games in which 

each player as a continuum of 

actions

Ä The conditions are therefore:

Â K F2(a1)-a1=c1 for x1Ò a1Ò y1 for some constant c1

Â F2(x2) = 0 and F2(y2)=1

Â F2 must be non decreasing (it is a CDF)

and analogous conditions must hold for x2,y2, and F1.

Ä Solution: we see that if x1 = x2 = 0, y1 = y2 = K, and F1(z) = F2(z) 

= z/K for all z with 0 Ò z Ò K, these conditions are fulfilled. We 

see that each player expected payoff is constant and equal to 0, 

for all her actions.

Ä Thus, the game has a mixed strategy Nash equilibrium in which 

each player randomizes uniformly over all her actions. Proving 

that it is the only mixed strategy Nash equilibrium is more 

complex.
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4.12 Appendix: representing 

preferences by expected payoffs

Ä 4.12.1 Expected payoffs

Â Suppose that a decision-marker has preferences over a set of 

deterministic outcomes and that each of her actions results in a 

lottery (probability distribution) over these outcomes

Â To determine the action she chooses, we need her preferences 

over lotteries

Â We cannot derive these preferences form her preferences over 

deterministic outcomes. So, assume we are given preferences over 

lotteries.

Â Under fairly week assumptions, we can represent these 

preferences by a payoff function: we can find a function, say U, 

over lotteries (p1, épk) such that U(p1,épk) > U(pô1, épôk) only if 

the decision marker prefers (p1, épk) to (pô1, épôk), where each 

outcome occurs with probability pi.



Game Theory - A (Short) Introduction 1671/14/2010

4.12 Appendix: representing 

preferences by expected payoffs

Â In most case, we need however more structure to go farther in the 

analysis. The standard approach, developed by von Neumann and 

Morgenstern (1994), is to impose an additional assumption (known as the 

ñindependence assumptionò) that allows us to conclude that the decision-

makerôs preferences can be represented by the expected payoff function. 

Under this assumption, there is a payoff function u over deterministic

outcomes such that the decision-makerôs preference relation over lotteries 

is represented by the function:

where ak is the kth outcome of the lottery and:

if and only if the decision-maker prefers the lottery (p1,épk) to (pô1,épôk).
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4.12 Appendix: representing 

preferences by expected payoffs

Ä This sort of payoff function (for which the decision-maker 

preferences are represented by the expected value of the 

payoffs) is known as Bernoulli payoff functions.

eg.: suppose that there are three possible deterministic 

outcomes: the decision-maker may receive $0, $1 or $5 (and 

naturally prefers $5 to $1 to $0). Suppose that she prefers the 

lottery (1/2,0,1/2) to the lottery (0,3/4,1/4), where probabilities 

are given for outcomes $0, $1 and $5. This preference is 

consistent with preferences represented by the expected value 

of a payoff function u for which u(0)=0, u(1)=1 and u(5)=4:
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4.12 Appendix: representing 

preferences by expected payoffs

Ä The great advantage of Bernoulli payoff function is that preferences are 

completely specified by the payoff function: once we know u(ak) for each 

possible outcome ak, we know the decision-maker preferences among 

all lotteries.

Ä Bernoulli payoff function must however not be confused with payoff 

function that represents the decision-markerôs preferences over 

deterministic outcomes:

Â if u is a Bernoulli payoff function, it certainly is a payoff function that 

represents the decision-makerôs preferences over deterministic 

outcomes

Â however, the converse is not true.

eg. : suppose a decision-maker prefers $5, $1 and $0 and prefers lottery 

(1/2,0,1/2) to (0,3/4,1/4). Defines u as u(0)=0, u(1)=3 and u(5)=4. u is 

compatible with preferences over deterministic outcomes. However, it is 

not compatible with preferences over lotteries: 
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4.12 Appendix: representing 

preferences by expected payoffs

Ä 4.12.2 Equivalent Bernoulli payoff functions

Lemma 148.1 (Equivalence of Bernoulli payoff functions)

Suppose that there are at least three possible outcomes. The 

expected values of the Bernoulli payoff functions u and v

represent the same preferences over lotteries if and only if there 

exist number k and m (with m > 0) such that u(x) = k + m v(x), for 

all x.

Ä Exercise 149.2 (Normalized Bernoulli payoff functions)

Suppose that a decision-markerôs preferences can be 

represented by the expected value of the Bernoulli payoff 

function u. Find a Bernoulli payoff function whose expected 

value represents the decision-makerôs preferences and assigns 

a payoff of 1 to the best outcome and a payoff of 0 to the worst 

outcome.
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4.12 Appendix: representing 

preferences by expected payoffs

Ä 4.12.3 Equivalent strategic games with vNM preferences

Â the three games of figure 150.1 represents the same strategic game 

with deterministic preferences

Â only the left and middle tables represent the same strategic game 

with vNM preferences. The reason is that the payoff functions in the 

middle table are linear functions of the payoff functions in the left 

table, whereas the payoff fonctions in the right table are not.

B
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1,1

0,0

0,0

1,1

B

S
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1,1

0,0

0,0

1,1

(Figure 150.1)
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4.12 Appendix: representing 

preferences by expected payoffs

Â Denotes ui, vi, wi the Bernoulli payoff functions of the three games. 

Then v1(a)=2u1(a) and v2(a)=-3+u2(a). But, w1 is not a linear 

function of u1. There is no constant ɛand ɗsuch that w1(a) = ɛ + 

ɗu1(a):

has no solution.
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4.12 Appendix: representing 

preferences by expected payoffs

Ä Exercise 150.1 (Games equivalent to the Prisonerôs Dilemma)

Which of the right tables in Figure 150.2 represents the same 

strategic game with vNM preferences as the Prisonerôs 

Dilemma as specified in the left panel?

C

D

C D

2,2

3,0

0,3

1,1

C

D

C D

3,3

4,0

0,4

2,2

(Figure 150.2)
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Framework

Ä An assumption underlying the notion of Nash equilibrium is that 

each player holds the correct belief about the other playersô 

actions. To do so, the player must know the other player 

preferences. 

Ä However, in many situation, players are not perfectly informed 

about their opponentsô characteristics (eg.: firms may not know 

each othersô cost functions).

Ä In this chapter, we generalize the notion of strategic game to 

allow the analysis of situations in which each player is 

imperfectly informed about an aspect of her environment that is 

relevant to her choice of action.
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9.1 Motivational examples

Ä With start with one example to illustrate main ideas of Bayesian 

games

Ä Example 273.1 (Variant of BoS with imperfect information)

Consider a variant of BoS in which player 1 is unsure whether 

player 2 prefers to go out with her or prefers to avoid her, 

whereas player 2 (as before) knows player 1ôs preferences.

B

S

B S

2,1

0,0

0,0

1,2

2 wishes to meet 1

B

S

B S

2,0

0,1

0,2

1,0

2 wishes to avoid 1

2 2

1

Prob 1/2 Prob 1/2

(Figure 274.1)
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9.1 Motivational examples

Â Specifically, suppose player 1 thinks that with probability ½ player 2 

wants to go out with her, and with probability ½ player 2 wants to 

avoid her (see figure 274.1)

Â Because probabilities are involved, an analysis of the situation 

requires us to know the playersô preferences over lotteries.

Â We can represent the situation as being with two states. In state 1, 

the Bernoulli payoff are given in the left table. In state 2, the 

Bernoulli payoff are given in the right table. Player assigns 

probability ½ to each state.

Â The notion of Nash equilibrium must be generalize to this new 

setting:

Å from player 1ôs point of view, player 2 has two possible types

(one whose preferences are given by the left table of Figure 

274.1 and the other, by the right table).
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9.1 Motivational examples

Å Player 1 does not know player 2 types. So, to choose an action 

rationally, she needs to form a belief about the action of each 

player 2 type. 

Å Given these beliefs and her belief about the likelihood of each 

type, she can calculate her expected payoff to each of her 

actions. 

Å For example, if player 1, conditionally on choosing B, thinks 

that type 1 of player 2 will choose B and type 2 of player 2 will 

choose S, then she thinks that B will yield her a payoff of 2 with 

probability ½ and of 0 with probability ½. So, in this case, her 

expected payoff to B is ( ½ . 2 + ½ . 0)=1. Similar calculations 

lead to table 275.1.

(B,B) (B,S) (S,B) (S,S)

Type 1 player 2 choice Type 2 player 2 choice

S

B 2 1 1 0

0 ½ ½ 0

(Figure 275.1)
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9.1 Motivational examples

Â For this situation, we define a pure strategy Nash equilibrium to be 

a triple of actions (one for player 1 and one for each type of player 

2) with the property that:

Å the action of player 1 is optimal, given the actions of the two 

types of player 2 (and player 1ôs belief about the state)

Å the action of each type of player 2 is optimal, given the action 

of player 1

Â Note that in a Nash equilibrium: 

Å player 1ôs action is a best response in Figure 275.1 to the pair 

of actions of the two types of player 2

Å the action of the type of player 2 who wishes to meet player 1 

is a best response in the left table of Figure 274.1

Å the action of the type of player 2 who wished to avoid player 1 

is a best response in the right table of Figure 274.1 to the 

action of player 1
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9.1 Motivational examples

Ä Why should player 2, who knows his own type, have to plan 

what to do in both cases?

Â She does not!

Â However, as an analysts, we need to consider what she would do 

in both cases. The reason is that to determine her best action, 

player 1, who does not know player 2 type, needs to form a belief 

about the action each type of player 2 would take, and we wish to 

impose the equilibrium condition that these beliefs are correct.

Ä (B,(B,S)) is a Nash equilibrium where

)),(,( SBB

Player 1
Player 2 ïType 1

Player 2 ïType 2
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9.1 Motivational examples

Ä Proof:

Â given that the action of the two types of player 2 are (B,S), player 

1ôs action B is optimal (see Figure 275.1)

Â given that player 1 chooses B, B is optimal for player 2 type 1 and 

S is optimal for player 2 type 2 (see Figure 274.1)

Ä We interpret the equilibrium as follows:

Â Type 1 - player 2 chooses B and type 2 ïplayer 2 chooses S, 

inferring that  player 1 will choose B

Â player 1, who does not know if player 2 is of type 1 or of type 2, 

believes that if player 2 is of type 1, she will choose B and if player 

2 is of type 2, she will choose S.
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9.1 Motivational examples

Ä We can interpret the actions of the two types of player 2 to 

reflect player 2ôs intentions in the hypothetical situation before

she knows the state. This corresponds to the following situation:

Â initially, player 2 does not know the state; she will be informed by a 

signal that depends on the state;

Â before receiving this signal, she plans an action for each possible 

state;

Â the same story is valid for player 1 but player 1 will receive an 

uninformative signal (same signal in each state)

Ä Note that in such a setup, a Nash equilibrium is list of actions, 

one for each type of each player, such that the action of each 

type of each player is a best response to the actions of all the 

types of the other player, given the playerôs beliefs about the 

state after she observes her signal.
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9.1 Motivational examples

Ä Exercise 276.1 (Equilibria of a variant of BoS with imperfect 

information)

(i) Show that there is no pure strategy of this game in which 

player 1 chooses S. 

(ii) Find the mixed strategy Nash equilibria of the game (First 

check whether  there is an equilibrium in which both types of 

player 2 use pure strategies; then look for equilibria in which 

one or both of these types randomize). 
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9.2 General definitions

Ä 9.2.1 Bayesian games

Â A strategic game with imperfect information is called a Bayesian 

game. 

Â A key component in the specification of the imperfect information is 

the set of state: each state is a complete description of one 

collection of the playersô relevant characteristics (preferences, 

information, é). For every collection of characteristics that some 

player believes to be possible, their must be a state.

Â A the start of the game a state is realized. The players do not 

observe this state. Rather, each player receives a signal that may 

give her some information about the state. We denote the signal 

player i receives in state ɤby Űi(ɤ). The function Űi(.) is called the 

player iôs signal function. Note that this is a deterministic function: 

for each state, a given signal is received.
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9.2 General definitions

Â The state that generates any given signal ti is said to be consistent

with the signal ti.

Â The size of the set of states consistent with each player iôs signal 

reflect the quality of player iôs information. The two extreme cases 

are:

Å if Űi(ɤ)is different for each value of ɤ, the player i knows, 

given her signal, the state that has occurred: she is perfectly 

informedabout all the playersô relevant characteristics.

Å if Űi(ɤ)is the same for all states, then player iôs signal conveys 

no information: she is perfectly uninformed.

Â We refer to player i in the event that she receives ti as type ti of 

player i. Each type of each player holds a belief about the 

likelihood of the states is consistent with her signal (eg.: if ti= Űi(ɤ1)= 

Űi(ɤ2), then type ti of player i assigns probabilities to ɤ1 and ɤ2.
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9.2 General definitions

Â Each player (may) care about the actions chosen by the other 

players and about the state. We need therefore to specify their 

preferences regarding probability distribution over pairs (a, ɤ), 

consisting of action profile a and a state ɤ. 

Â We assume that each playerôs preferences over such probability 

distributions are represented by the expected value of a Bernoulli 

function. We therefore specify player iôspreferences by giving the 

Bernoulli payoff function ui over pair (a, ɤ).
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9.2 General definitions

Ä Definition 279.1 (Bayesian game)

A Bayesian game consist of

Â a set of players

Â a set of states

and for each player

Â a set of actions

Â a set of signals that she may receive and a signal function that 

associates a signal with each state

Â for each signal that she may receive, a belief about the states 

consistent with the signal (a probability distribution over the set of 

states with which the signal is associated)

Â a Bernoulli payoff function over pairs (a,ɤ), where a is an action 

profile and ɤis a state, the expected value of which represents the 

playerôs preferences.
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9.2 General definitions

Ä Note that the set of actions of each player is independent of the 

state: each player may care about the state, but the set of 

actions available to her is the same in every state.

Ä Application to Example 273.1

Â players: the pair of people

Â states: {meet, avoid}

Â actions: for each player {B,S}

Â signals: player 1 may receive a single signal z. Her signal function Ű1
satisfies Ű1(meet)= Ű1(avoid)=z. Player 2 receives one of two signals (m

and v). Her signal function Ű2 satistifies Ű2(meet)=m and Ű2(avoid)=v.

Â beliefs: player 1 assigns probability ½ to each state after receiving the 

signal z. Player 2 assigns probability 1 to state ñmeetò after receiving the 

signal m, and probability 1 to state ñavoidò after receiving the signal v.

Â payoffs: the payoffs ui(a,meet) of each player i for all possible action 

pairs are given in the left panel of Figure 274.1. (for ui(a,avoid) in the 

right panel).
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9.2 General definitions

Ä 9.2.2 Nash equilibrium

Â In a Bayesian game, each player chooses a collection of actions: 

one for each signal she may receive (each type of each player 

chooses an action).

Â In a Nash equilibrium of such a game, the action chosen by each 

type of each player  is optimal, given the actions chosen by every 

type of every other player.

We define a Nash equilibrium of Bayesian game to be a Nash 

equilibrium of a strategic game in which each player is one of the 

types of one of the players in the Bayesian game.
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9.2 General definitions

Â Notations:

Å Pr(ɤ|ti): probability assigned by the belief ot type ti of player i to 

state ɤ.

Å a(j,tj): action taken by each type tj of each player j.

Å Űj(ɤ): player jôs signal in state ɤ. Her action is this state is     

a(j, Űj(ɤ)). We denote âj(ɤ)=a(j, Űj(ɤ)).

With these notations, the expected payoff of type ti of player i

when she chooses action ai is:
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9.2 General definitions

Ä Definition 281.1 (Nash equilibrium of Bayesian game)

A Nash equilibrium of Bayesian game is a Nash equilibrium of 

the strategic game (with vNM preferences) defined as follows:

Â players: the set of all pairs (i,ti) in which i is a player in the 

Bayesian game and ti is one of the signals that i may receive;

Â actions: the set of actions of each player (i,ti) is the set of actions 

of player i in the Bayesian game;

Â preferences: the Bernoulli payoff function of each player (i,ti) is 

given by
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9.2 General definitions

Ä Exercise 282.3 (Adverse selection)

Firm A(the ñacquirerò) is considering taking over firm T(the ñtargetò). It 

does not know firm Tôs value; it believes that this value, when firm T is 

controlled by its own management, is at least $0 and at most $100, and 

assigns equal probability to each of the 101 dollar values in this range 

(uniform distribution). Firm T will be worth 50% more under firm Aôs 

management than it is under its own management. Suppose that firm A

bids y to take over firm T, and firm T is worth x (under its own 

management). Then if T accepts Aôs offer, Aôs payoff is (3/2 x ïy) and 

Tôs payoff is y. If T rejects Aôs offer, Aôs payoff is 0 and Tôs payoff is x. 

Model this situation as a Bayesian game in which firm A chooses how 

much to offer and firm T decides the lowest offer to accept. Find the 

Nash equilibrium (equilibria?). Explain why the logic behind the 

equilibrium is called adverse selection.
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9.3 Example concerning 

information

Ä 9.3.1 More information may hurt

Â A decision-maker in a single-person decision problem cannot be 

worse off if she has more information: if she wishes, she can ignore 

the information. In a game, this is not true.

L M R

T

B

1,2Ů 1,0 1,3Ů

2,2 0,0 0,3

State ɤ1

L M R

T

B

1,2Ů 1,01,3Ů

2,2 0,3 0,0

State ɤ2

½ ½ 
2

½ ½ 
1

(Figure 283.1)
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9.3 Example concerning 

information

Â Consider the two-player game in Figure 283.1. Ůis 0 < Ů< ½. In this 

game, there is two states and neither player knows the state.

Â Player 2ôs unique best response to each action of player 1 is L:

Å if player 1 chooses T:

Â Lyieds 2Ů

Â M and R each yield 3/2 Ů

Å if player 2 chooses B:

Â L yields 2

Â M and R each yield 3/2.

Â Player 1ôs unique best response to L is B.

Â Thus, (B,L) is the unique Nash equilibrium. Each player get a 

payoff of 2. The game has no mixed strategy Nash equilibrium.
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9.3 Example concerning 

information

Â Consider now that player 2 is informed of the state: player 2ôs 

signal function satisfies Ű2(ɤ1)Í Ű2(ɤ2).

Â In this game, (T,(R,M)) is the unique Nash equilibrium (each type of 

player 2 has a strictly dominant action, to which Tis player 1ôs 

unique best response).

Â In this game, player 2ôs payoff is 3Ů (in each state). She is therefore 

worse off when she knows the state !

Â To understand this result, R is good only in state ɤ1 and M is good 

only in state ɤ2 while L is a compromise. Knowing the state leads 

player 2 to choose either R or M, which induces player 1 to choose 

T. There is no steady state in which player 2 chooses L, to induce 

player 1 to choose B.
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9.6 Illustration: auctions

Ä 9.6.1 Introduction

Â In section 3.5, every bidder knows every other bidderôs valuation of 

the object for sale. This is highly unrealistic!

Â Assume that a single object is for sale. Each bidder receives 

independently some information (a signal) about the value of the 

object to her:

Å if each bidderôs signal is simply her valuation, we say that the 

biddersô valuation are private (eg.: work of art whose beauty 

interests the buyers);

Å if each bidderôs valuation depends on other biddersô signals as 

well as her own, we say that the valuations are common 

(eg.:oil tract containing unknown reserves on which each bidder 

has conducted a test)

Â We will consider models in which bids for a single object are 

submitted simultanesously (bids are sealed) and the participant 

who submits the highest bid obtains the object.
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9.6 Illustration: auctions

Â We will consider both first-price (the winner pays the price she 

bids) and second-price (the winner pays the highest of the 

remaining bids) auctions.

Â Note that the argument that the second-price rule corresponds to 

an open ascending auction (English auction) depends upon the 

biddersô valuations being private. In a common valuation setup, the 

open ascending information reveals information to bidders, they do 

not have access to in a sealed bid procedure.

Ä 9.6.2 Independent private values

Â Each bidder knows that all other biddersô valuations are at least v-

(where v- Ó 0) and at most v+. She believes that the probability

that any given bidderôs valuation is at most v is F(v), independent of 

all other biddersô valuations, where F is a continuous increasing 

function (CDF).
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9.6 Illustration: auctions

Â The preferences of bidder whose valuation is v are represented by 

a Bernoulli payoff function that assigns 0 to the outcome in which 

she does not win the object and v-p to the outcome in which she 

wins the object and pays the price p (quasi-linear payoff function). 

This amounts to consider that the bidder is risk-neutral.

Â We assume that the expected payoff of a bidder whose bid is tied 

for first place is (v-p)/m, where m is the number of tied winning 

bids.

Â We denote P(b) the price paid by the winner of the auction when 

the profile of bids is b:

Å for a first-price auction, P(b) is the winning bid (the largest bi)

Å for a second-price auction, P(b) is the highest bid made by a 

bidder different from the winner
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9.6 Illustration: auctions

Â The Bayesian game that models first- and second-price auctions 

with independent private valuations is therefore:

Å players: the set of bidders 1,én

Å states: the set of all profiles (v1, é vn) of valuations, where v- Ò 

viÒ v+ for all i

Å actions: each playerôs set of actions is the set of possible bids 

(nonnegative numbers)

Å signals: the set of signal that each player may observe is the 

set of possible valuations (the signal function is Űi(v1, é vn) = 

vi).

Å beliefs: every type of player i assigns probability F(v1) F(v2) é 

F(vi-1) x F(vi+1) é F(vn) to the event that the valuation of every 

other player j is at most vi.
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9.6 Illustration: auctions

Å payoff functions:

Â Nash equilibrium in a second-price sealed-bid auction: in a 

second-price sealed-bid auction with imperfect information about 

valuations (as in the perfect information setup), a playerôs bid equal 

to her valuation weakly dominates all her other bids:

Å consider some type vi of some player i and let bi be a bid not equal to vi

Å for all bids by all types of all the other players, the expected payoff of 

type vi of player i is at least as high when she bids vi as it is when she 

bids bi, and for some bids by the various types of the other players, her 

expected payoff is greater when she bids vi than it is when she bids bi
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9.6 Illustration: auctions

Â Exercise 294.1 (Weak domination in a second-price sealed-bid 

auction)

Show that for each type vi of each player i in a second-price 

sealed-bid auction with imperfect information about valuations the 

bid vi weakly dominates all other bids.

Â We conclude that a second-price sealed-bid auction with imperfect 

information about valuations has a Nash-equilibrium in which every 

type of every player bids her valuation.

Â Exercise 294.2 (Nash equilibria of a second-price sealed-bid 

auction)

For every player i, find a Nash equilibrium of a second-price 

sealed-bid auction in which player i wins.
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9.6 Illustration: auctions

Â Nash equilibrium in a first-price sealed-bid auction

Å in case of perfect information, the bid vi by type vi of player i

weakly dominates any bid greater than vi, does not weakly 

dominate bids less than vi, and is itself weakly dominated by 

any such lower bid.

Å So, the game under imperfect information may have a Nash 

equilibrium in which each bidder bids less than her valuation.

Å Take the case of two bidders and each playerôs valuation being 

distributed uniformly between 0 and 1 (this assumption means 

that the fraction of valuations less than v is exactly v, so that 

F(v) = v for all v with 0 Ò vÒ 1).

Å Denote by ɓi(v) the bid of type v of player i. 

Å In this case, the game has a (symmetric) Nash equilibrium in 

which the function ɓi is the same for both players, with ɓi(v) = 

½ v for all v (each type of each player bids exactly half her 

valuation).



Game Theory - A (Short) Introduction 2031/14/2010

9.6 Illustration: auctions

Å Proof:

Â suppose that each type of bidder 2 bids in this way;

Â as far as player 1 is concerned, player 2ôs bids are 

uniformly distributed between 0 and ½;

Â thus, if player 1 bids more than ½, she surely wins. If she 

bids b1Ò İ, the probability that she wins is the probability 

that player 2ôs valuation is less than 2b1, which is 2b1;

Â consequently, her payoff function of her bid is:
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9.6 Illustration: auctions

Â This function is maximized at ½ v1 (this can easily be seen 

graphically on Figure 295.1) or established mathematically.

Â Both player are identical. So, player 2 bids also half is valuation, 

conditional on player 1 bidding half is valuation.

Â Thus, the game has a Nash equilibrium in which each player bids 

half his valuation.

Å When the number n of bidder exceeds 2, a similar analysis shows that 

the game a (symmetric) Nash equilibrium in which every bidder bids the 

fraction 1 ï1/n of her valuation.

Å Interpretation: in this example (but also for any distribution F satisfying 

our assumptions):

Â choose n-1 valuations randomly and independently, each 

according to the cumulative distribution F

Â the highest of these n-1 valuations is a random variable. Denote it 

X;

Â Fix a valuation v. Some values of X are less than v and others are 

greater.
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9.6 Illustration: auctions

Â Consider the distribution of X in those cases in which it is less than 

v. The expected value of this distribution is:

Â Then, the following proposition holds:

Application for the case of 2 bidders and uniform distribution: 

Ä for any valuation vof player 1, the cases in which player 2ôs 

valuation is less than v are distributed uniformly between 0 

and v;

Ä so the expected value of player 2ôs valuation conditional on 

being less than v is ½ v.

)( vXXE <

If each bidderôsvaluation is drawn independently from the

same continuous and increasing cumulative distribution, a

first-price sealed-bid auction (with imperfect information

about valuations) has a (symmetric) Nash equilibrium in

which each type v of each player bids E(X|X<v), the

expected value of the highest of the other playersôbids

conditional on v being higher than all the other valuations.
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9.6 Illustration: auctions

Â Comparing equilibria of first- and second-price auctions

Å As in the case of perfect information, under the assumptions of 

this section, first- and second-price auctions are revenue 

equivalent;

Å Consider the equilibrium of a second-price auction in which 

every player bids her valuation:

Â the expected price paid by the bidder with valuation v who 

wins is the expectation of the highest of the other n-1

valuations, conditional on this maximum being less than 

v;

Â in notation, this is E(X|X<v);

Â we have just seen that this is precisely the bid a player 

with valuation v in a first-price auction (and hence, the 

amount paid by such a player if she wins);

Â as in both case, the winner with highest valuation win, 

both auctions yield the auctioneer the same revenue!
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9.6 Illustration: auctions

Â Exercise 296.1 (Auctions with risk-averse bidders)

Consider a variant of the Bayesian game defined earlier in this 

section in which the players are risk averse. Specifically, suppose 

each of the nplayersô preferences are represented by the expected 

value of the Bernoulli payoff function x1/m, where xis the playerôs 

monetary payoff  and m> 1. Suppose also that each playerôs 

valuation is distributed uniformly between 0 and 1. Show that the 

Bayesian game that models a first-price sealed-bid auction under 

these assumptions has a (symmetric) Nash equilibrium in which 

each type vi of each player i bids:

Note that the solution of the problem maxb[b
k(v-b)l] is kv/(k + l).
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9.6 Illustration: auctions

Compare the auctioneerôs revenue in this equilibrium with her 

revenue in the symmetric Nash equilibrium of a second-price 

sealed-bid auction in which each player bids her valuation (note 

that the equilibrium of the second-price auction does not depend on 

the playersô payoff functions).

Ä 9.6.3 Common valuations

Â In this setup, each playerôs valuation depends on the other playersô 

signals as well as her own.

Â Denote the function that gives player iôs valuation by gi, and 

assume that it is increasing in all the signals.

Â Let P(b) be the function that determines the price paid by the 

winner as a function of the profile b of bids.
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9.6 Illustration: auctions

Â The following Bayesian game models first- and second-price 

auctions with common valuations:

Å players: the set of bidders 1,én

Å states: the set of all profiles (t1, é tn) of signals that the players 

may receive

Å actions: each playerôs set of actions is the set of possible bids 

(nonnegative numbers)

Å signals: the signal function Űi of each player i is the set of 

possible valuations (the signal function is Űi(v1, é vn) = vi: each 

player observes her own signal).

Å beliefs: each type of each player believes that the signal of 

every type of every other player is independent of all the other 

playersô signals.
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9.6 Illustration: auctions

Å payoff functions:

Â Nash equilibrium in a second-price sealed-bid auction

Å We analyze the case of two bidders, each bidderôs signal is 

uniformly distributed from 0 to 1 and the valuation of each 

bidder i is vi = Ŭ ti+ ɔ tj, where j is the other player and Ŭ Ó ɔ Ó 

0 (the case Ŭ= 1 and ɔ= 0 is the private value case and the 

case Ŭ = ɔ is called pure common value.

Å The assumption is that a bidder does not know any other 

playerôs signal but, as the analysis will show, other playersô 

bids contain some information about the other playersô signals.
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9.6 Illustration: auctions

Å Under these assumptions, a second-price sealed-bid auction has a 

Nash equilibrium in which each type ti of each player i bids (Ŭ+ɔ) ti.

Å Proof: to determine  the expected payoff of type t1 of player 1, we need 

to find:

Â the probability with which she wins

Â the expected price she pays

Â the expected value of player 2ôs signal if she wins

Å Probability that player 1 win:

Â given that player 2ôs bidding function is (Ŭ+ɔ) t2, player 1ôs bid of b1

wins only if b1 Ó (Ŭ+ɔ) t2, or if :

t2 is distributed uniformly between 0 and 1. So, the probability that 

is is at most b1 / (Ŭ+ɔ) is b1 / (Ŭ+ɔ). Thus, a bid b1 by player 1 wins 

with probability  b1 / (Ŭ+ɔ).
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9.6 Illustration: auctions

Å Expected price player 1 pays if she wins:

Â the price she pays is equal to the player 2 bid;

Â the player 2 bid, conditional on being less than b1, is distributed 

unformly between 0 and b1. Thus, the expected value of player 2ôs 

bid, given that it is less than b1 is ½ b1.

Å Expected value of player 2ôs signal if player 1 wins:

Â Player 2 bid, given her signal t2, (Ŭ+ɔ) t2. So, the expected value of 

signal that yield a bid less than b1 is ½ b1 / (Ŭ+ɔ).

Å The expected payoff if she bids b1 is the difference between her 

expected valuation (given her signal t1 and the fact that she wins) and 

the expected price she pays, multiplied by her probability of 

winning. Using the previous results, we get:
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9.6 Illustration: auctions

Å This function is maximized at b1=(Ŭ+ɔ)t1: so, if each type t2 of 

player 2 bids =(Ŭ+ɔ)t2, any type t1 of player 1 optimally bids 

=(Ŭ+ɔ)t1.

Å The arguments are symmetric for player 2. We therefore get a 

symmetric Nash equilibrium.

Â Exercise 299.1 (Asymmetric Nash equilibria of second-price 

sealed-bid common value auctions)

Show that when Ŭ=ɔ=1, for any value ɚ> 0, the game has an 

(asymmetric) Nash equilibrium in which each type t1 of player 1 

bids (1+ɚ) t1 and each type t2 of player 2 bids (1 + 1/ɚ) t2.
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9.6 Illustration: auctions

Â Note that when player 1 calculates her expected value of the 

object, she finds the expected value of player 2ôs signal given that 

her bid wins. The fact that her bid wins is, in fact, a bad news 

about the level of other player valuation. A bidder who does not 

take account of this fact is said to suffer from the winnerôs curse.

Â Nash equilibrium in a first-price seald-bid auction

A first-price sealed-bid auction has a Nash equilbrium in which 

each type ti of each player i bids ½ (Ŭ+ɔ) ti.

Â Exercise 299.2 (First-price sealed bid auction with common 

values)

Verify that a first-price sealed bid auction has a Nash equilibrium in 

which the bid of each type ti of each player i is ½ (Ŭ+ɔ) ti.
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9.6 Illustration: auctions

Â Comparing equilibria of first- and second-price auctions:

Å The revenue equivalence of first- and second-price auctions 

holds also under common valuations:

Â in each case, the expected price paid by the winner (for 

the symmetric equilibrium) is ½ (Ŭ+ɔ) ti.

Â in each case, the bidder wins if she has the highest 

valuation (this is to say, with the same probability).

Å In fact, the revenue equivalence principle holds much more 

generally (see Meyrson Lemma).
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9.8 Appendix: auctions with an 

arbitrary distribution of valuations

Ä 9.8.1 First-price sealed bid auctions

Â We construct here a symmetric equilibrium of a first-price sealed 

bid auction for a generic distribution F of valuations that satisfies 

the assumptions in Section 9.6.2 and is differentiable on (v-, v+).

Â Denote the bid of type v of bidder i by ɓi(v).

Â In a symmetric equilibrium, every player uses the same bidding 

function (so ɓi(v)=ɓfor some function ɓ). 

Â Assume:

Å ɓis increasing in valuation (seems reasonable)

Å ɓ is differentiable.

Â Then:

Å then there is a condition that ɓmust satisfy in any symmetric 

equilibrium

Å exactly one function ɓsatisfies this condition

Å this function is increasing.
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9.8 Appendix: auctions with an 

arbitrary distribution of valuations

Â Suppose that all n-1 players other than i bid according to the 

increasing differentiable function ɓ.

Â Then, given the assumption on F, the probability of a tie is zero.

Â Hence, for any bid b, the expected payoff of player i when her 

valuation is v and she bids b is :

(v ïb) Pr(Highest bid is b) = (v-b) Pr(All n-1 other bids Ò b)

Â A player bidding according to the function ɓbids at most b, for ɓ(v-) 

Ò b Ò ɓ(v+), if her valuation is at most ɓ-1(b) (the inverse evaluated 

at b).
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9.8 Appendix: auctions with an 

arbitrary distribution of valuations

Â Thus, the probability that the bids of the n-1 other players are all at 

most b is the probability that the highest of n-1 other players are all 

at most b is the probability that the highest of n-1 randomly 

selected valuations (denoted X in section 9.6.2) is at most ɓ-1(b). 

Â Denoting the CDF of X by H, the expected payoff is thus:

(v ïb) H(ɓ-1(b)) if ɓ(v-) Ò b Ò ɓ(v+)

and 0 is b < ɓ(v-), v-b if b > ɓ(v+)
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9.8 Appendix: auctions with an 

arbitrary distribution of valuations

Â In a symmetric equilibrium in which every player bids according to 

ɓ, we have ɓ(v) Ò v if v > v- and ɓ(v-)=v-:

Å if v > v- and ɓ(v) > v, then a player with valuation v wins with 

positive probability (players with valuations less than v bid less 

than ɓ(v) because ɓis increasing);

Å if she wins, she obtains a negative payoff while she obtains a 

payoff of 0 by bidding v. So, for equilibrium, we need ɓ(v) Ò v if 

v > v-.

Å given that ɓsatisfies this condition, if ɓ(v-)>v-, then a player 

with valuation v- wins with positif probability and obtains a 

negative payoff. Thus, ɓ(v-)Òv-. But, if ɓ(v-)<v- bids v-, then 

players with valuations slightly greater than v- also bid less 

than v- (because ɓis continuous). So that a player with 

valuation v- who increases her bid slightly wins with positive 

probability and obtains a positive payoff if she does so. We 

conclude that ɓ(v-)=v-.
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9.8 Appendix: auctions with an 

arbitrary distribution of valuations

Â The expected payoff of a player of type v when every other player 

uses the bidding function ɓis differentiable on (v-,ɓ(v+))

Å given that ɓis increasing and differentiable

Å given then ɓ(v-) = v-

and, if v > v-, is increasing at v-. 

Â Thus, the derivative of this expected payoff with respect to b is 

zero at any best response less than ɓ(v+) :

knowing that the derivative of ɓ-1 at the point b is 

0
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9.8 Appendix: auctions with an 

arbitrary distribution of valuations

Â In a symmetric equilibrium in which every player bids according ɓ, 

the best response of type vof any given player to the other playersô 

strategies is ɓ(v). Because ɓis increasing, we have ɓ(v)< ɓ(v+) for 

v < v+. So, ɓ(v) must satisfy the F.O.C. whenever v- < v < v+.

Â If b = ɓ(v), then ɓ-1(b)=v. So that substituting b= ɓ(v), then ɓ-1(v) = 

v, so that substituting b = ɓ(v)into the F.O.C. and multiplying by 

ɓô(v) yields:

Â The left-hand side of the differential equation is the derivative with 

respect to v of ɓ(v)H(v). Thus, for some constant C:
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9.8 Appendix: auctions with an 

arbitrary distribution of valuations

Â The function ɓis bounded (as it differentiable), so considering the 

limit as v approaches v-, we deduce that C = 0.

Â We conclude that if the game has a symmetric Nash equilibrium in 

which each playerôs bidding function is increasing  and 

differentiable on (v-,v+), then this function is defined by:

Note that, the function H being the CDF of X, the highest of n-1

independently drawn valuations. Thus ɓ*(v)is the expected value 

of X conditional on its being less than v:

-=-

+<<-=
ñ

vv

vvv
vH

dxxxH

v

)(*

and

for 
)(

 )('

)(*

v

-v

b

b

)|()(* vXXEv <=b




