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1.1 What is game theory?

Game theory aims to help understand situations in which
decision-makers interact.
The main fields of applications are:
Economic analysis
Social analysis
Politic
Biology
Typical applications:
Competing firms
Bidders in auctions
Main tool: model development. This is an arbitrage between:
Realistic assumptions
Simplicity
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1.1 What is game theory?

An outline of the history of game theory
First major development in the 1920s

Emile Borel
John von Neumann
Deci sive publication: fATheory of

von Neumann and Morgenstern (1944)
Early 1950s: John Nash
Nash equilibrium
Game-theoric study of bargaining
1994 Nobel Prize in Economic Sciences
Harsanyi (1920-2000) A Bayesian games (Harsanyi doctrine)
Nash (1928-) A Nash equilibrium
Selten (1930-) A Bounded rationality, extensive games
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1.1 What is game theory?

Modeling process

Step 1: selecting aspects of a given situation (that appear to be
relevant) and incorporating them into a model. This step is mostly
an fiarto

Step 2: model analysis (using logic and mathematic)

Step 3: studying model s I mplicat
ideas make sense. This may point towards a revision of the
model 6s assumptions in order to b
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1.2 The theory of rational choice

Rational choice:

The decision-maker chooses the best action according to her preferences, among
all the actions available to her

No qualitative restriction is place on preferences

|]:> Rationality means consistency of her decisions when faced with different sets of
available actions.

The theory is based on two components: Actions and
Preferences

1.2.1 Actions

Set A consisting of all actions that, under some circumstances, are available to the
decision-maker

In any given situation, the decision-maker knows the subset of available choices,

and takes it as given (the subset is not influenced by the decision-maker
preferences)
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1.2 The theory of rational choice

1.2.2 Preferences and payoff functions

We assume that the decision-maker, when presented with any pair of
actions, knows which of the pair she prefers

We assume further that these preferences are consistent (ifa>b and
b > c, then a > c).

Preferences representation: preferences can be represented by a
payoff function:

the payoff function associates a number with each action in such a way
that actions with higher numbers are preferred.

More precisely:
I]:> u(a) > u(b) if and only if the decision-maker prefersato b

(Economists often speak about utility function)
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1.2 The theory of rational choice

Exercise 5.3

Person 1 cares about Dboth her 1inc
Precisely, the value she attaches to each unit of her own income is

the same as the value she attache
income. For example, she is indifferent between a situation in

which her income is 1 and person
i ncome is O and person 206s is 2.
outcomes (1,4), (2,1) and (3,0), where the first component in each
case Iis her income and the second
income? Give a payoff function consistent with these preferences.
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1.2 The theory of rational choice

Note that, as decision-ma k er 6 s pref erences co
information, the payoff function also conveys only ordinal preference.

nve

Eg.: if u(a)=0, u(b)=1 and u(c)=100, it doesnd6t mean t

maker likes ¢ a lot more than b! A payoff function contains no such
information.

Note that, as a consequence, a decision-ma k er 6 s pref er
represented by many different payoff functions.

enec

|]:> If u represents adecision-ma k er 6 s pr e fves andther paff g

function for which
v(a) > v(b) if and only if u(a) > u(b)
then v also represents the decision-ma k er 6 s pr ef er en{

| n d

C €S

More succinctly: if u represents a decision-mar ker 6 s pr ef
any increasing function of u also represents these preferences.

er e
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1.2 The theory of rational choice

Exercice 6.1

Adecision-maker 6 s prefer eAapbslarever t he
represented by the payoff function u for which u(a)=0, u(b)=1 and

u(c)=4. Are they also represented by the function v for which v(a)=-
1,v(b)=0, and v(c)=2? How about the function w for which

w(a)=w(b)=0 and w(c)=87?
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1.2 The theory of rational choice

1.2.3 The theory of rational choice

The theory of rational choice is the action chosen by a decision-
maker is at least as good, according her preferences, as every
other available action.

Note that not every collection of choices for different sets of
available actions is consistent with the theory.

Eg. : we observe that a decision chooses a whenever she faces the set {a,b}, but
sometimes chooses b when facing the {a,b,c}. This is inconsistent:

- always choosing a when facing {a,b} means that the decision-maker prefers a to
b

- when facing {a,b,c}, she must choose a or c.
(Independence of irrelevant alternatives)

1/14/2010
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1.2 The theory of rational choice

1.3 Coming attractions
Up to now, the decision-maker cares only about her own choice.

In the real world, a decision-maker often does not control all the
variables that affect her.

Game theory studies situations in which some of the variables that
|]:> affectthe decision-marker are the actions of other decision-
markers.
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2.1 Strategic games

Terminology:
we refer to decision-makers as players
each player has a set of possible actions
the action profilei s t he | i st of all pl ayer
each player has preferences about the action profiles

Definition 13.1 (Strategic game with ordinal preferences)
A strategic game with ordinal preferences consists of

a set of players

for each player, a set of actions

for each player, preferences over the set of action profiles
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2.1 Strategic games

Note that:
This allows to model a very wide range of situations:
players = firms, actions = prices, preferences = profits

players = animals, actions = fighting for a prey, preferences =
winning or loosing
It i s frequently convenient to
giving payoff functions that represent them. Keep however in mind
that a strategic game with ordinal preferences is defined by the
pl ayer so6 p,na byehe pagoffsthat represent these
preferences

Time is absent from the model : each player chooses her action
once and for all and the players choose their actions
simultaneously (no player is informed of the action chosen by any
other player)

S P

1/14/2010
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2 .

2 Example: the

Dilemma

Example 14.1

Two suspects in a major crime are held in separate cells. There is
enough evidence to convict each of them of a minor offense, but
not enough evidence to convict either of them of the major crime
unless one of them acts as an informer against the other (finks). If
they both stay quiet, each will be convicted of the minor offense
and spend one year in prison. If one and only one of the finks, she
will be freed and used as a witness against the other, who will
spend four years in prison. If the both fink, each will spend three
years in prison.

Model this situation as a strategic game.

1/14/2010
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-IIHH| 2. 2 Example: the
Dilemma

Solution
Players: the two suspects
Actions: Each pl ayQetpFsnklset of a

Preferences: Suspect 106s order.
best to worse):

(Fink,Quiet) A free

(Quiet,Quiet) A one year in prison

(Fink,Fink) A three years in prison

(Quiet,Fink) A four years in prison
(and vice-versa for player 2)

We can adopt a payoff function for each player:

u,(Fink,Quiet)>u, (Quiet,Quiet)>u, (Fink,Fink)>u, (Quiet,Fink)
P lgt23 1o +13 1 +0° 1

Eo
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-IIHH| 2.2 Example: the
Dilemma

Graphically, the situation is the following :

(numbers are payoffs of payers)

Suspect 2
Quiet Fink
ouet | @2 0.3)
Suspect 1 | —
Fink (3,0) (1,2)
The prisonerods dilemma models a situati on

(each player prefers that both players choose Quiet than they both choose Fink) but
each player has an incentive to free ride whatever the other play does.

1/14/2010 Game Theory - A (Short) Introduction 23



-IIHH| 2. 2 Example: the
Dilemma

2.2.1 Working on a joint project

You are working with a friend on a joint project. Each of you
can either work hard or goof off. If your friend works hard, then
you prefer to goof off (the outcome of the project would be
better if you worked hard too, but the increment in its value to
you is not worth the extra effort). You prefer the outcome of
your both working hard to the outcome of your both goofing off
(in which case nothing gets accomplished), and the worst
outcome for you is that you work hard and your friend goofs off
(you hate to be exploited).

Model this situation as a strategic game.

O
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2

2 Example: the

Dilemma

2.2.2 Duopoly

In a simple model of a duopoly, two firms produce the same
good, for which each firm charges either a low price or a high
price. Each firm wants to achieve the highest possible profit. If
both firms choose High, then each earns a profit of $1000. If
one firm chooses High and the other chooses Low, then the firm
choosing High obtains no customers and makes a loss of $200,
whereas the firm choosing Low earns a profit of $1200 (its unit
profit is low, but its volume is high). If both firms choose Low,
the each earns a profit of $600. Each firm cares only about its

profit.

Model this situation as a strategic game.

1/14/2010
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-IIHH| 2.2 Example: the
Dilemma

Exercise 17.1
Determine whether each of the following games differs from the

Prisoner6s Dilemma only in the na
X Y X Y
X 3,3 1,5 X 2,1 0,5
Y 5,1 0,0 Y 3,2 | 1,-1

|l:> An application to M&As: the Grossman & Hart free riding argument.

O
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2.3 Example: Back or Stravinsky?
(Battle of the Sexes or BoS)

Situation:

Players agree that it is better to cooperate
Players disagree about the best outcome

Example 18.2

Two people wish to go out together. Two concerts are available:
one of music by Bach, and one of music by Stravisky. One person
prefers Bach and the other prefers Stravinsky. If they go to different

concerts, each of them is equally unhappy listening to the music of
either composer.

Model this situation as a strategic game.

|]:> An application to merging banks: two banks are merging. Both

1/14/2010

agree that they will be better off using the same information
system technology but they disagree on which one to choose.




'
Il“” 2.3 Example: Back or Stravinsky?
(Battle of the Sexes or BoS)

Solution
Player 2
Bach Stravinsky
Bach (2.1) (0.0)
Player 1
Stravinsky (0,0) (1,2)
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m 2.4 Example: Matching Pennies

Situation:
A purely conflictual situation

Example 19.1

Two people choose, simultaneously, whether to show the head or
the tail of a coin. If they show the same side, person 2 pays person
1 a dollar. | they show different sides, person 1 pays person 2 a
dollar. Each person cares only about the amount of money she
receives (and is a profit maximizer!).

Model this situation as a strategic game.

“:> An application to choices of appearances for new products by an established

produced and a new entrant in a market of fixed size: the established produced
1/14/2010 prefers the newcomer és product to | ook
while the newcomer prefers that the products look alike.




2.4 Example: Matching Pennies

Solution
Player 2
Head Talil
Head (1-1) (-1.1)
Player 1
Tail (-1,1) (1,-1)

1/14/2010
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)| |
m 2.5 Example: the stag Hunt

Situation:
Cooperation is better for both but not credible.

Example 20.2

Each of a group of hunters has two options: she may remain
attentive to the pursuit of a stag, or she may catch a hare. If all
hunters pursue the stag, they catch it and share it equally. If any
hunter devotes her energy to catching a hare, the stag escapes,
and the hare belongs to the defecting hunter alone. Each hunter
prefers a share of the stag to a hare.

Model this situation as a strategic game.
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2.5 Example: the stag Hunt

Solution
Player 2
Stag Hare
Stag (2,2) (0,1)
Player 1
Hare (1,0) (1,1)

1/14/2010
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2.6 Nash equilibrium

Question:
What actions will be chosen by players in a strategic game?
(assuming that each player chooses the best available action)

Answer:

To make a choice, each player mustform a beliefabout ot her |
action.

Assumption:

We assume i n strategic games that p

their past experience playing the game:
they know how their opponent will behave.

note however that they do not know which specific opponent they are faced to and
S0, they can not condition their behavior on being faced to a specific opponent.
Beliefs are about Atypical 06 opponent s, n
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2.6 Nash equilibrium

In this setup, a Nash equilibrium is action profile a* with the
property that no player i can do better by choosing an action
different from a*;, given that every other player j adheres to a*;.

Note:

A Nash equilibrium corresponds to a steady state: if, whenever the
game is played, the action profile is the same Nash equilibrium a*,
then no player has a reason to choose any action different from her
component of a*.

Pl ayer s O6a bboeuti eefasc h ot her 6s acti on
correc. This implies, in particular,
third playerds action are théda san
Harsanyi Doctrine).

Il:> Two key ingredients: rational choices and correct beliefs

1/14/2010 Game Theory - A (Short) Introduction 34




2.6 Nash equilibrium

Notations and formal definition:
Let @, be the action of player i
Let a be an action profile: a=(a;, a,, €) a
Let a;de any action action of player i (different from a, )

Let ( gad) be the action profile in which every player j expect i
chooses her action g, as specified by a, whereas player i chooses
a;@the subscriptiist ands f @r) .ifexpect

A ( aag) is the action profile in which all the players other than i
adheretoawhileindevi aa®@so0 to

Note that if a,;8a;,, then ( gad) = (a;,a) =a

1/14/2010
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2.6 Nash equilibrium

Definition 23.1 (Nash equilibrium of strategic game with ordinal
preferences)

The action profile a* in a strategic game with ordinal

preferences is a Nash equilibrium if, for every player i and every
action g, of player i, a* is at least as good according to playeri 0
preferences as the action profile (a,,a*_) in which player i
chooses a, while every other player j chooses a*..

Equivalently:

u(a*) O (a, a*.) for every action a, of player i

1/14/2010 Game Theory - A (Short) Introduction 36



2.6 Nash equilibrium

Note:

This definition implies neither that a strategic game necessarily has a
Nash equilibrium, nor that it has at most one.

This definition is designed to model a steady state among experienced

pl ayers. An alternative approach (c
to assume that players know each ot/
to consider what each player can dec
from their rationality and their knc¢

Nash equilibrium has been studied experimentally.
The keys to conceive suited experiment are:

to ensure that players are experienced playing the game

to ensure that players do not face repeatedly the same opponents (as each

game must played in isolation)
The key to correctly interpret results is to remember that Nash
equilibrium is about equilibrium: the outcome must have converged (and
the theory says nothing about the necessary for convergence to
appear).

1/14/2010 Game Theory - A (Short) Introduction 37



-||HH| 2.7 Examples of Nash

equilibrium
2. 7.1 Prisonero6s Dil emma
Suspect 2
Quiet Fink
Quiet (2.2) (03)
Suspect 1
Fink (3,0) (1,1)
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2.7 Examples of Nash
equilibrium

Detailed explanation
(Fink, Fink) is a Nash equilibrium because:

given that player 2 chooses Fink, player 1 is better off choosing
Fink than Quiet

given that player 1 chooses Fink, player 2 is better off choosing
Fink than Quiet

No other action profile is a Nash equilibrium. Eg, (Quiet, Quiet) is
not a Nash equilibrium because:

if player 2 chooses Quiet, player 1 is better off choosing Fink

(moreover), if player 1 chooses Quiet, player 2 is also better off
choosing Fink

IIHE> The incentive to free ride eliminates the possibility that
the mutually desirable outcome (Quiet, Quiet) occurs.

1/14/2010
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'l
Il“” 2.7 Examples of Nash
equilibrium

Note that:

in the present case, the Nash equilibrium action is the best action
for each player:

if the other player chooses her equilibrium action (Fink)
but also if the other player chooses her other action (Quiet)

In this sense, this equilibrium is highly robust. But, this is not a
requirement of the Nash equilibrium. Only the first condition
must be met.
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'l
Il“” 2.7 Examples of Nash
equilibrium

Exercise 27.1

Each of two players has two possible actions, Quiet and Fink,;
each action pair results in the
money equal to the numbers corresponding to that action pair in

the following figure:

Player 2
Quiet Fink
Quiet | (22 (0.3)
Player 1
Fink (3,0) (1,1)
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'l
Il“” 2.7 Examples of Nash
equilibrium

Pl ayers are not fdfselfishotkaret he
represented by the payoff function m(a)+U n(a), where my(a) is

the amount of money received by player i, j is the other player,
andUisagivennon-negati ve number. Pl aye
action pair (Quiet,Quiet) is, for example, 2 + 2U.

1. Formulate the strategic game that models this situation in the case
U=1. IsthisgamethePr i soner 6s dil emma?

2. Find the range of values of Ufor which the resulting game is the
Pr i s oner 0 §orhluds ef tiforawhich the game is not the
Pri soner 0 §indthe Naghmequiéibria.
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-||HH| 2.7 Examples of Nash

equilibrium
2.7.2 BoS
Player 2
Bach Stravinsky
Bach (2.1) 0.0
Player 1
Stravinsky (0,0) (1,2)

E> Nash equilibria are (B,B) and (S,S). Why?

Note that this means that BoS has two steady states!

1/14/2010 Game Theory - A (Short) Introduction



2.7 Examples of Nash

equilibrium
2.7.3 Matching Pennies
Player 2
Head Tail
Head (1,-1) (-1.1)
Player 1
Tall (-1,1) (1,-1)

|]:> There is no Nash equilibrium. Why?

1/14/2010
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2.7 Examples of Nash

equilibrium
2.7.4 The Stag Hunt Player 2
Stag Hare
Stag (2,2) (0,1)
Player 1
Hare (1,0) (1,1)

E> Nash equilibria are (S,S) and (H,H). Why?

Note that, despites (S,S) is better for both players than (H,H), this
has no bearing on the equilibrium status of (H,H).

1/14/2010
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2.7 Examples of Nash
equilibrium

Exercise 30.1 (extension to n players)

Consider the variants of the n-hunter Stag Hunt in which only m
hunters, with 20mOn, need to pursue the stag in order to catch it
(continue to assume that there is a single stag). Assume that a
captured stag is shared only by the hunters who catch it. Under
each of following assumptions
the Nash equilibria of the strategic game that models the
situation.

a. As before, each hunter prefers the fraction 1/m of the stag to
a hare;

b. Each hunter prefers a fraction 1/k of the stag to a hare, but
prefers a hare to any smaller fraction of the stag, where k is an
integer with mCkn.

1/14/2010
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2.7 Examples of Nash
equilibrium

Note

In games with many Nash equilbria, the theory isolates more than
one steady state but says nothing about which one is more likely to
appear.

In some games, however, some of these equilibria seem more
| i kely to attract the playerso at
are called focal.

Example:(BBB)s eems here mor(®S)nl i blg))eryZb t

Bach Stravinsky
Bach (2.2) 0.0)
Player 1
Stravinsky (0,0 (1,1)

1/14/2010
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'l
Il“” 2.7 Examples of Nash
equilibrium

2.7.8 Strict and nonstrict equilibria

The definition 23.1 requires only that the outcome of a deviation (by
a player) be no better for the deviant than the equilibrium outcome.

A equilibriumis stricti f each pl ayer 60sbetterui | i
t han all her other actions, given

u(a*) > uya, a*,) for every action a, | a* of player i

(Note the strict inequality, contrasting with definition 23.1)
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2.8 Best Response Functions

2.8.1 Definition

In more complicated games, analyzing one by one each action

profile quickly becomes intractable.

Let us denote the set of player i best actions when the list of the

ot her pl ay ea;y®,(ag ortmore preciselys

B(a,)={ainA:u(a,a)2 u(a;,a,)forala;in A}

Any action in Bj(a ) is at least as good for player i as

every other action of playeriwh en t he
actions are given by a.,.

ot her

1/14/2010
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2.8 Best Response Functions

2.8.2 Using best response functions to define Nash equilibrium

Proposition 36.1: The action profile a* is a Nash equilibrium of a
stragetic game with ordinal prefere
actions is a best response to the o

a isin B (a,) for everyplayeii

If each player i has a single best response to each list a;
(Bi(a,) = {by(a*,)}), then this is equivalent to:

a =b(a,)foreveryplayei

The Nash Equilibrium is then characterized by a set of n equations in
the n unknowns a*;:

a =b(a,..a)

a; = bn(a;1‘a:11)
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2.8 Best Response Functions

2.8.3 Using the best response functions to find Nash equilibria
Procedure:
1. find the best response function of each player
2. find the action profiles that satisfy proposition 36.1
Exercise 37.1.b
Find the Nash Equiliria of the game in Figure 38.1
Represents graphically the solution

L C R
2,2 1,3 0,1

—

M| 3,1 0,0 0,0
1,0 0,0 0,0

oy,

1/14/2010
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2.8 Best Response Functions

Solution
L C R
T 2.2 @ 0*,1 Player 2

WEslooos| |, .
Bl 1.0+ | 0,0 @
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m 2.8 Best Response Functions

Example 39.1

Two individuals are involved in a synergistic relationship. If both
individuals devote more effort to the relationship, they are both

better off. For any given effort of individual j, the return to individual

| @ffort first increases, then decreases. Specifically, an effort level

IS a nonnegative number, and individual i @references (for i=1,2)

are represented by the payoff function a,(c+a-a;), where a; is i effort
level,aji s the other individual ds eff

Questions:
Model the situation as a strategic game
Find players best response functions
Find the Nash equilibrium
Represent graphically the situation
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2.8 Best Response Functions

Strategic game:
Players: the two individuals

Actions: each playerodos set of act
negative numbers)

Preferences: player i (@references are represented by payoff
function a;(c+a;-a)), for i=1,2

Note that each player has infinitely many actions, so the game can not
be represented by a matrix of payoff, as previously.
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2.8 Best Response Functions

Best response function:
Intuitive construction

Given a;, individual i payoff is a quadratic function of a;, that is
zero when ;=0 and when a;=c+a;. As quadratic function are
symmetric, this implies that the player i best response to g is:

h@)=(c+a)  Paw

A
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2.8 Best Response Functions

Mathematical construction

P :ai(C+aj - ai)
P=ca+aa-a
WP _
M

FOC
c+a, - 2a =0

c+a; - 2a

« 1
a =§(C+aj)

1/14/2010
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2.8 Best Response Functions

Nash equilibrium:

To find the Nash equilibrium, following proposition 36.1, we have to

solve the following system of equations:
1

a,=-(c+a,)
_1

a, = 2(C+ai)

By substitution, we get:

=1(c+5(c+a1)) Il:> The unique Nash equilibrium
2 2 :
Is (c,c)
:§C+la1
4~ 4
So:
a=c

1/14/2010
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2.8 Best Response Functions

Graphical representation

a, b,(a,)
b,(a;)
Player 2 ¢
Y5 ¢
0 Yac C a, ]
Player 1
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2.8 Best Response Functions

Note that:

The best response of a player to actions of other players needs not

to be unique. If a player has many best responses to some of the

ot her playersodé actions, then her
surface) at some points;

Nash equilibrium needs not to exit: the best response function may
not cross;

If best response functions are not linear, the Nash equilibria need
not to be unique;

Best response function can be discontinuous, generating another
set of difficulties
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2.8 Best Response Functions

Exercice 42.1
Find the Nash Equilibria of the two-player strategic game in which
each playerodos set of actions i s t
the playerso payad)fa(@,ahand i ons ar e

Uy(ay,8;)=a,(1-a;-a,)

60
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2.9 Dominated actions

2.9.1 Strict dominations

Il n any game, a playerds
it is superior, no matter what the other player do.

act.i

on

Definition 45.1 (Strict domination): in a strategic game with ordinal
preferences, player i @dtion a Gstrictly dominates her action a ;af:

u(a,a )>u(a,a,)foreverylist a of otherplayersactions

Action a;@s said to be strictly dominated.

Example:inthePr i soner 6s Di

the action Fink strictly dominates
the action Quiet

Quiet

ns
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‘ 2.9 Dominated actions

Note that, as a strictly dominated action is not a best response to
any actions of the other players, a strictly dominated action is not
used in any Nash equilibrium.

When looking for Nash equilibria of a game, we can therefore
eliminate from consideration all strictly dominated actions.

2.9.2 Weak domination

Il n any game, a playero6s action we
the first action is at least as good as the second action, no matter
what the other players do, and is better than the second action for

some actions of the other players.
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2.9 Dominated actions

Definition 46.1 (Weak domination) : In a strategic game with ordinal
preferences, player i @dion a oweakly dominates her action a;@f:

u(a,a. )2 u(a,a)foreverylist a . of otherplayersactions
u(a,a.)>u(a,a)forsomdist a of otherplayersactions
Note that i1 s a strict Nash equil/i

is strictly dominated but in a nonstrict Nash equilibrium, an action
can be weakly dominated.
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Exercise 47.1 (Strict equilibria and dominated actions)
For the game in Figure 48.1, determine, for each player,

whether any action is strictly dominated or weakly dominated.

Find the Nash equilibria of the game. Detemine whether any
equilibrium is strict.

L C R
0,0 1,0 1,1

M| 1,1 1,1 3,0
Bl 1,1 2,1 2,2

—
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2.9 Dominated actions

2.9.4 lllustration: collective decision-making

The members of a group of people are affected by a policy,
modeled as a number. Each person i has a favorite policy, denoted
x*.. She prefers the policy y to the policy z if and only if y is closer to
x*; than is z. The number of n people is odd. The following
mechanism is used to choose the policy:

each person names a policy
the policy chosen is the median of those named

Eg.: if there are five people, and they name the policies -2, 0,0.6,5
and 10, the policy 0.6 is chosen.

Questions:
Model this situation as a strategic game
Find the equilibrium strategy of the players
Does anyone have an incentive to name her favorite policy?
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2.9 Dominated actions

Strategic game:
Players: n people
Actions: each personb6s set of act
(numbers)

Preferences: each person i prefers the action profile a to the action
profile a @ and only if the median policy named in a is closer to x*,
than is the median policy named in a .0

Equilibrium strategy of the players:

Claim: for each player i, the action of naming her favorite policy x*,
weakly dominates all her other actions.

Why ?
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2.9 Dominated actions

Proof:
Take x; > x*, (reporting a higher policy than the preferred one)
a. for all actions of the other players, player i is at least as well off
n naming x*; as she is naming x;
for any list of actions of the players other than player i, denote the value
of the %2 (n-1)th highest action by a- and the value of %2 (n+1)th highest

actonat+( so that half of the remaiani ng
and half of them are at least a+).

ifxxO a+ : the median pol i cynamesx*brxdass a me
—— atat Y% (n+l)th X > Xx*).
Ven——7p— if x, O - athe same hold true (as x*, <x;)

—— a-at¥z(n-1)th if x* <a+and x > a-, then

when the player i names x*, the median policy is at most the greater of
x* and a-

when the play i names x;, the median policy is at least the lesser of x;
and a+.

Thus, player i is worse off naming x; than naming x*; .
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2.9 Dominated actions

b. for some actions of the other players, player i is better of naming x*,
than she is naming x;

Suppose that half of the remaining players name policies less than x*;
and half of them name policies greater than x;. Then the outcome is x*; if
player i names x* and x; if she names x; . Thus player i is better off
naming x; than she is naming x*; .

A symmetric argument applies when x; < x*;.

|]:> Telling the truth weakly dominates all other action.
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Il“” 2.10 Equilibrium In a single
population: symmetric games

We focus here in cases where we want to model the interaction
between members of a single homogenous population of players.
Players interact anonymously and symmetrically.

Definition 51.1 (Symmetric two-player game with ordinal preferences)

A two-player strategic game with ordinal preferences is symmetric if the

pl ayersd sets of actions are the sa
represented by payoff functions u;, and u, for which u,(a;,a,)=u,(a,,a,)

for every action pair (a,,a,)

Definition 52.1 (Symmetric Nash equilibrium)

An action profile a* in a strategic game with ordinal preferences in which
each player has the same set of actions is a symmetric Nash
equilibrium if it is a Nash equilibrium and a*; is the same for every
player i.

1/14/2010 Game Theory - A (Short) Introduction 69



'l
Il“” 2.10 Equilibrium In a single
population: symmetric games

Exercise 52.2

Find all the Nash equilibria of the game in Figure 53.1. Which of
the equilibria, if any, correspond to a steady state if the game
models pairwise interactions between the members of a single
population?

A B C
Al 11 2,1 4,1

o

1,2 5,5 3,6

Cl 14 6,3 0,0
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l“” 3.5 Auctions

3.5.1 Introduction

Auctions are used to allocate significant economic resources, from works of art to
short-t er m government bonds to radio spectru
Auctions are of many form:

Sequential or sealed bid (simultaneous)

First or Second price

Ascending (English) or Descending (Dutch)

Single or Multi-Units

With or without reservation price

With or without entry costs

é

Auctions:
exist since |l ong ago (annual auction of m
villages

and remain up-to-date (EBay on Internet)

Main questions
What are the designs likely to be the most effective at allocating resources?
What are the designs more likely to raise the most revenue?
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l“” 3.5 Auctions

Main assumption: we discuss here auctions in which every
buyer knows her own valwuation a
valuation of the item being sold

|l:> Buyers are perfectly informed.

This assumption will be dropped in Chapter 9.
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3.5 Auctions

3.5.2 Second-price sealed-bid auctions

In a common form of auction, people sequentially submit increasing
bids for an object. When no one wish to submit a higher bid than the
current bid, the person making the current bid obtains the object at the
price shed bid.

Given that every person is certain of her valuation (perfect valuation) of

the object before the bidding begins, during the bidding, no one can
learn anything relevant to her actions.

Thus we can model the auction by assuming that each person decides,
before bidding begins, the most she is willing to bid (her maximal bid).

During the bidding, eventually, only the person with the maximal bid and
the one with the second highest maximal bid will be left competing
against each other.

To win, the person with the highest maximal bid needs therefore to bid
slightly more than the second highest maximal bid.
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We can therefore model such an ascending auction as a strategic
game in which each player chooses an amount of money (the
maximal amount she is willing to bid) and the player who chooses
the highest amount obtains the object and pays a price equal to the
second highest amount.

This game model also a situation in which the people
simultaneously put bids in sealed envelopes, and the person who
submits the highest bid wins and pays a price equal to the second
highest bid.

In a perfect information context, ascending auctions (or English
auctions) and second-price sealed bid auction are modeled by the
same strategic game.
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Notations
v;: the value player i attaches to the object
p: price paid for the object
Vi-p: winning player payoff
n: number of players
number the players such thatv,>v,> ¢é >0 v
b;: sealed bid submitted by each player

Rules
Each player submit a sealed bid b,

If b, is the highest bid, player i wins the auction, get the object and pays
the second highest bid (say j). In such a case, player i payoff is v;-b,

In case of tie, it is the player with the smallest number (the highest
valuation) who wins. She pays her own bid (as there is a tie)
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3.5 Auctions

Strategic game representation:
Players: the n bidders, where n 02

Actions: the set of actions of each player is the set of possible bids
(nonnegative numbers)

Preferences: denote by b, the bid of player i and by b+ the highest
bid submitted by a player other than i. If either b>b+ or b,=b+ and
the number of every other player who bids b+ is greater than i, then
playeri @ayoff is vi-b+. Otherwise player i @ayoff is O.
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Nash equilibrium

The game has many Nash equilibria:

One equilibrium is (by,b,, é )¥(v,,v,,  é): each player bid is equal to
her valuation of the object:

because v,>v,> é >thewutcome is that player 1 obtains the object and
pays b,. Her payoff is v,-b,. Every other playerodos pay

if player 1 changes he bid to some other price at least equal to b,, then the
outcome does not change. If she changes her bid to a price less than b,, then
she loses and obtains a zero payoff

if some other player lowers her bid or raises her bid to some price at most
equal to b;, the she remains a loser. If she raises her bid above b,, then she
wins but, in paying the price b;, she makes a loss (because her valuation is
less then b,).
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Another equilibrium is (b,,b,, é )¥8(v,, 0, :éhe fMayer 1 obtains the
object and pays 0. Sad is i1issue for

Another equilibirum is (b,,b,, é )¥(v,,v;, 0 é thelpjayer 2 bids v,
and obtains the object at price v, and every players payoff is zero:

if player 1 raises her bid to v, or more, she wins the object but her payoff
remains zero (she pays the price v,, bid by player 2)

if player 2 changes her bid to some other prices greater than v,, the outcome
does not change. If she changes her bid to v, or less, she loses, and her
payoff remains zero.

if any other player raises her bid to a most v,, the outcome does not change.

If she raises her bid above v;, then she wins but get a negative payoff.
Note that, in this equilibrium, player 2 bids more than her valuation. This
might seem strange. This is due to the fact that, in a Nash equilibrium, a
pl ayer does not consider the firisk?o
different from her equilibrium action. Each player simply chooses an
action that is optimal, given the ot

|]:> This however suggests that this equilibrium is less plausible as an
outcome of the auction than the equilibrium in which each bidder bids
her valuation.
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3.5 Auctions

This is due to the fact that:

in a second-price sealed-bid auction (with perfect information),
a playero6s bi d e geakdydomimatesakher \
other bids.

ra |

That is:

for any bid b, I v, player i bid v;is at least as good as b,, no
matter what the other players bid, and is better than b, for
some actions of the other players.
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The precise argument is given by Figure 85.1

v;is better than b ;6 v;is betterthan b 6 6
in this region in this region
vi-b+ Vi'b"\ vi-b+ «—
boo

0 v b+ 0 bov, b+ 0 \ b+
|

The Figure compares player i payoffs to the bid v; (left panel) with her payoff to a bid b ;& v, (middle
panel) and with her payoff toabidb 6>v,as a function of the hi ghtest

We see that:
-for all value of b+, player i payoff to a bid v, is a least as large as her payoffs to any other bid;
-for some values of the b+, her payoffs to v, exceed her payoff to any other bid.
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Exercise 84.1

Find a Nash equilibrium of a second-price sealed bid auction in
which player n obtains the object.

Exercise 86.1 (Auctioning the right to choose)

An action affects each of two people. The right to choose the
action is sold in a second-price auction. That is, the two people
simultaneously submit bids, and the one who submits the higher
bid chooses her favorite action and pays (to a third party) the
amount bid by the other person, who pays nothing. Assume that if
the bids are the same, person 1 is the winner.

For i=1,2, the payoff of person i when the action is a and person i

pays m is u(a)-m.

In the game that models this situation, find for each player a bid

that weakly dominates all the pl a
Nash equilibrium in which each pl
dominates all her other actions).
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3.5 Auctions

3.5.3 First-price sealed-bid auctions

Difference with as second-price auction: the winner pays the price
she bids

Strategic game representation:
Players: the n bidders, where nO 2

Actions: the set of actions of each player is the set of possible
bids (nonnegative numbers)

Preferences: denote by b, the bid of player i and by b+ the
highest bid submitted by a player other than i. If either (a) b, >
b+ or (b) b, = b+ and the number of every other player who
bids b+ is greater than i, then player i payoff is v-b,. Otherwise,
player i payoff is 0.
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Note that this game models:
a sealed-bid auction where the highest bid wins
but also

a dynamic auction in which the auctioneer begins by
announcing a high price, which she gradually lowers until
someone indicates her willingness to buy the object (a
Dutch auction)

(this equivalence is even, in some sense, stronger than
the one between an ascending auction and second-price
sealed-bid auction).

Nash equilibrium
One Nash equilibrium is (b,,b,, éb.)=(v,,v,, ), in which
player 1 bid is player 2 valuat

her own valuation. The outcome is that player 1 obtains the
object at price v,.
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3.5 Auctions

Exercise 86.2

Show that (b,,b,, é )H8(v,,v,, &) isva Nash equilibrium
of a first-price sealed-bid auction.

A first-price sealed-bid auction has many other equilibria, but in all
equilibria the winner is the player who values the object most highly

(player 1), by the following argument:
in any action profile ( b 1, i@ whith some player il 1 wins,
we have bi > bl.
If b, > v,, then i payoff is negative, so that she can do
better by reducing her bid to 0
if b, O ,,\then player 1 can increase her payoff from 0 to
v;-b; by bidding b;, in which case she wins.

1/14/2010

Game Theory - A (Short) Introduction 85




3.5 Auctions

Exercise 87.1 (First-price sealed-bid auction)

Show that in a Nash equilibrium of a first-price sealed-bid
auction the two highest bids are the same, one of these
bids is submitted by player 1, and the highest bid is at
least v, and at most v,. Show also that any action profile
satisfying these conditions is a Nash equilibrium.
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As in the second-price auction sealed-bid auction, the potential

Ari s ki nes sobabidb, >y ik @fleced in the fact that it is

weakly dominated by the bid v;, as shown by the following argument:
I f the other pl ayer s Dosdswliesshahide s u
b,, then the outcome is the same whether she bids b, or v,
I't the other pl ayer s bwndwhdnsshedbidse s u
b,, then her payoff is negative when she bids b, and zero when she
bids v, (regardless of whether this bid wins)

However, unlike a second-price auction, in a first-price auction, a bid b,

< vi of player i is not weakly dominated by the bid V' (it is in fact not

weakly dominated by any bid):
it is not weakly dominated by a bid b 'éb' because if the other
pl ayer sd hi ghebitandb'jthen bi'desesonbdreasbe n
wins and yields player i a positive payoff
it is not weakly dominated by a bid b '8b' because if the other
pl ayerso hi ghe $tthedbott b, and b;dvieandb; t h an
yield a lower price.
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3.5 Auctions

Note also that, though the bid v; weakly dominates higher bids,
this bid is itself weakly dominated by a lower bid! The
argument is the following:
if player i bids v;, her payoff is 0 regardless of the other
pl ayerso bids
whereas, if she bids less than v;, her payoff is either O (if
she loses) or positive (if she wins)

In a first-price sealed-bi d auction (with perfe
bid of at least her valuation is weakly dominated, and a bid of less than

her valuation is not weakly dominated.

An implication of this result is that in every Nash equilibrium of a first-
pricesealed-bi d auction at | east one pl
dominated.

aye
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Note finally that this property of the equilibria depends on the
assumption that a bid may be any number. In the variant of the game in
which bids and valuations are restricted to be multiples of some discrete
monetary unit U

an action profile (v,-U , ,- Ov, 5, bbé) forany b, Ov-Uforj = 3, ¢
iI's a Nash equilibrium in which no
further, every equilibrium in whi

dominated takes this form.
If Uis small, this is very close to (V,, V,, bs, @) : this equilibrium is
therefore (on a somewhat ad-hoc basis) considered as the distinguished
equilibria of a first-price sealed-bid auction.

|]:> One conclusion of this analysis is that, while both second-price and first-price
auctions have many Nash equilibria, their distinguished equilibria yield the
same outcome: in every distinguished equilibrium of each game, the object is
old to player 1 at the price v,. This is notion of revenue-equivalence is a
cornerstone of the auction theory and will be analyzed in depth later.
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3.5.4 Variants
Uncertain valuation: we have assumed that each bidder is certain
of both her own valuation and eve
is highly unrealistic. We will study the case of imperfect information
in Chap. 9 (in the framework of Bayesian games)

Common valuations: in some auction, the main difference
between bidders is not that they value the object differently but that
they have different information about its value (eg, oil tract
auctions). As this also involve informational considerations, we will
again study this in Chap. 9.

All-pay auctions: in some auctions, every bidder pay, not only the
winner (eg, competition of loby groups for government attention).
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Mutiunit auctions: in some auctions, many units of an object are
available (eg, US Treasury bills auctions) and each bidder may
value positively more than one unit. Each bidder chooses therefore
a bid profile (b%,b2, é ¥ if there are k units to sell. Different auction
mechanisms exist and are characterized by the rule governing the
price paid by the winner:

Discriminatory auction: the price paid for each unit is the
winning bid for that unit

Uniform-price auction: the price paid for each unit is the
same, equal to the highest rejected bid among all the bids for
all unit

Vickrey auction (of the name of Nobel prize): a bidder wins k
objects pays the sum of the k highest rejected bids submitted
by the other bidders.
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4.1. Introduction

4.1.1. Stochastic steady state
Nash Equilibrium in a strategic game: action profile in which every

pl ayerods action is optimal given
23.1)
This corresponds to a steady state of the game:
every playerods behavior is tF
the game

no player wishes to change her behavior, knowing (from
experience) the other player s

In such a framework, the outcome of every play of the game is
the same Nash equilibrium

More general notion of steady state exists
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4.1. Introduction

pl ayersé choices are all owed to

different members of a given population may choose
different actions, each player choosing the same action
whenever she plays the game

each individual may, on each occasion she plays the
game, choose her action probabilistically according to
the same, unchanging, distribution

these situations are equivalent:

in the first case, a fraction p of the population
representing player i chooses the action a

in the second case, each member of the population
representing player i chooses the action a with
probability p

These notion of (stochastic) steady state of
modeled as mixed strategy Nash equilibrium

1/14/2010 Game Theory - A (Short) Introduction 94



4.1. Introduction

4.1.2 Example: Matching Pennies

Player 2
Head Tall
Head (1-1) (-1,1)
Player 1
Tail (-1,1) (1,-1)
Outcomes

Il:> The game has no Nash equilibrium: no pair of
action is compatible with a steady state.
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4.1. Introduction

The game has however stochastic steady state in which each
player chooses each of her actions with probability 1/2 :

Suppose that player 2 chooses each of her actions with probability ¥2
If player 1 chooses Head with probability p and Tail with probability (1-
p), then:
each outcome (Head,Head) and (Head, Tail) occurs with
probability p %2
each outcome (Tail,Head) and (Tail, Tail) occurs with
probability (1-p) Y2
Thus, the probability that the outcome is either (Head,Head) or
(Tail, Tail) (in which case player 1 wins 13) Y2 p + %2 (1-p) = Y.
The other two outcomes (Head,Tail) and (Tail,Head) (which correspond
to a loss of 1$) have also probability %2
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4.1. Introduction

the probability distribution over outcome is independent of p!
every value of p is optimal (in particular ¥2 )!
the same analysis hold for player 2. We conclude that the

game has a stochastic steady state in which each player
chooses each action with probability %z .

Moreover (under a reasonabl e assu
preferences), the game has no other steady state :

Assumption: each player wants the probability of her gaining
1% to be as large as possible

Denote g the probability with which player 2 chooses Head
(she chooses Tail with probability (1-q) )

If player 1 chooses Head with probability p, she gains 1$ with

probability pg + (1-p)(1-9) (outcomes Head,Head or Tail, Tail)
and she looses 1$ with probability (1-p)g + p(1-q).
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Note that:

Player 1 wins 1% : pg + (1-p)(1-9) = 1-q + p(29-1)

Player 1 loses 1$:(1-p)g + p(1-q).= g + p (1-2q)
If g < %%, the first probability (winning 19$) is decreasing in p and
the second probability (loosing 19$) is increasing in p. Player 1
chooses therefore p = 0.
Thus, if player 2 chooses Head with probability less than Y2,
the best response of player 1 is to choose Tail with certainty.

A similar argument shows that if player 2 chooses Head with
probability superior to %2, the best response of player 1 is to
choose Head with certainty.

We already have shown that is one player is choosing a given
action with certainty (Nash Equilibrium), there is no steady
state.
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4.1. Introduction

4.1.3 Generalizing the analysis: expected payoffs

The matching pennies case is particularly simple because it has

only two outcomes for each pl ayer
preferences regarding lotteries (probability distributions) over

outcomes from their preferences regarding deterministic outcomes:

A if a player prefers ato b and if p > g, he most likely prefers a
lottery in which a occurs with probability p (and b with probability
(1-p)) to a lottery in which a occurs with probability g (and b with
probability (1-q))

To deal with more general cases (eg, more than two outcomes),
we need to add to the model a description of her preferences
regarding lotteries (probability distribution) over outcomes
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The standard approach is to restrict attention to preferences
regarding lotteries (probability distribution) over outcomes that may
be represented by the expected value of a payoff function over
deterministic outcomes:
for every player i, there is a payoff function u;, with the
property that player i prefers one probability distribution over
outcomes to another if and only if, according to u;, the
expected value of the first probability distribution exceeds the
expected value of the second probability distribution.

eg. :
three outcomes: a, b, c
two prob. dist.: P(p,,P,,Pc) @and Q(da,dy,dc)
for each player i, prob. dist. P is preferred to prob. dist. Q
if and only if p,u(@) + pyui(b) + p.ui(c) > g,u(@) + gpui(b) +

|]:> Preferences that can be represented by the expected value of a
payoff function over deterministic outcomes are called vNM (von
Neumann 1 Morgenstern) preferences.

A payoff function whose expected value represents such
preferences is called a Bernouilli payoff function.
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u(a)
u(b)

u(c)

4.1. Introduction

The restrictions on preferences regarding prob. dist. over
outcomes required for them to be represented by expected
value of a payoff function are not innocuous (see violations
example on page 104). They are however commonly accepted
in game theory.

However, these restriction do not restrict player attitudes to risk:

eg. :
O suppose that a,b and c are three outcomes. A person prefers ato b to c.
If the person is very averse to risky outcomes, she prefers then to obtain
b for sure rather than to face a prob. dist. in which a occurs with
probability p and ¢ with probability (1-p), even if p is relatively large.

such preferences can be represented by the expected value of a payoff
function u for which u(a) is close to u(b), which is much larger than u(c)

O
O
C b a
(Figure 103.1)
1/14/201v
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A Note that if the outcomes are amount of money and if the preferences
are represented by the expected value of the amount of money, the
player is risk neutral.

A Inthe reality:

A the fact that people buy insurance (the expected payoff is inferior to the
insurance fee) show that economic agents are risk averse.

A the fact that people buy lottery tickets shows that, in some
circumstance, than can be risk preferring (small investment, extremely
high payoff.

A in both cases, the preferences can be represented by the expected
value of a payoff function:

A concave in case of risk aversion
A convex in case of risk preference

A Note finally that given preferences, many different payoff functions can
be used to represented them. It is the ordering that matter.
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”“” 4.2 Strategic games in which
players may randomize

Definition 106.1 (Strategic game with vVNM preferences)

A strategic game with vNM preferences consists of
a set of players
for each player, a set of actions

for each player, preferences regarding prob. dist. over action
profiles that may be represented by the expected value of a
(Bernoulli) payoff function over action profiles.

Representation: a two-player strategic game with vNM preferences in
which each player has finitely many actions may be represented in a
table like in Chapter 2. However, the interpretation of the number is
different:

in Chapter 2, numbers are values of payoff functions that represent the
pl ayersdé preferences over determini

here, numbers are values of (Bernoulli) payoffs whose expected values
represent the pl aym@magis&t. preferences
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'l
”“” 4.2 Strategic games in which
players may randomize

The change is subtle but important (figure 107.1)

Q F Q F
Q 2,2 0,3 Q 3,3 0,4
F 3,0 1,1 E 4,0 1,1
The 2 games represent the same game with ordinal preferences (the
prisonero6s dil emma) .
However, the 2 games represent different strategic games with vNM
preferences:

| eft game: playeros 1 payoff to (Q,
to the prob. dist. that yield (F,Q) with probability ¥2 and (F,F) with
probability Y2

right game: her payoff to (Q,Q) is higher than her expected payoff to this
prob. dist. -
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Il“” 4.3 Mixed strategy Nash
equilibrium

4.3.1 Mixed strategies

We allow now each player to choose a probability distribution over
her set of actions (rather than restricting her to choose a single
deterministic action)

Definition 107.1 (Mixed strategy)

A mixed strategy of a player in a strategic game is a probability
di stribution over the playeros pc

Notations:
U profile of mixed strategies

U(a,): probability assigned by playeri6 s mi x e dUts her at e
action a,
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Il“” 4.3 Mixed strategy Nash
equilibrium

eg: in Matching pennies, the strategy of pIa;v/er 1 that assigns
probability ¥2 to each action is the strategy U,(Head)= % and
U,(Tail) = v.

Shortcut: mixed strategies are often written as a list of

probabilities (one for each action), in the order the actions are
given in the table (see table 107.1).

eg.. (Y2, %) assigns, in table 107.1, probability %2 to Q and
probability Y2 to F.

Note that a mixed strategy may assign probability 1 to a single
action. In that case, such as strategy is referred as a pure
strategy.
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4.3 Mixed strategy Nash
equilibrium

4.3.2 Equilibrium

The mixed strategy Nash equilibrium extend the concept of
Nash equilibrium to the probabilistic setup.

Definition 108.1 (Mixed strategy Nash equilibrium of strategic
game with vNM preferences)

The mixed strategy profiles U %n a strategic game with vVNM
preferences is a mixed strategy Nash equilibrium if, for each
player i and every mixed strategy U of player i, the expected
payoff to player i of U %s at least as large as the expected payoff
payoff to player i of (U, P), according to a payoff function
whose expected value represents player i0 preferences over
prob. dist.

1/14/2010

U.(a*) 2 U.(a,,a*.,),for everymixed strategya. of playei
whereJ. (@) is playeti'sexpecteg ay offtothemixed strategyprofilea.




4.3 Mixed strategy Nash
equilibrium

4.3.3 Best response functions

Notation: B, is player i0 best response function

For strategic game with ordinal preferences: B,(a) is the set of
playeric best actions when the | ist of
a

For a strategic game with vNM preferences, B,(U,) is the set of
playeric best mi xed strategies when tl}
mixed strategies is U..

Il:> the mixed strategy profile U %s a mixed strategy Nash
equilibrium if and only if U #is in B,(U %) for every player i

1/14/2010

eg.: in the Matching Pennies, the set of best responses to a mixed
strategy of the other player is either a single pure strategy or the set of all
mixed strategy.



4.3 Mixed strategy Nash
equilibrium

Two players T two actions games
Player 1 has action T and B
Player 2 has action L and R

u; (i=1,2) denotes a Bernoulli payoff function for player i (payoff
over action pair whose expected value represents player i6 s
preferences regarding prob. dist. over action pairs)

Player 1 mixed strategy U, assigns probability U,(T) to her
action T (denoted p) and probability U,(B) to her action B
(denoted 1-p), with U,(T) + U,(B) = 1.

Similarly, denotesqt he pr obabil ity that
strategy assigns to L et 1-g to R.

We take the playersd choices
choose the mixed strategies U, and U,, the probability of any
action pair (al,a2) is the product of the corresponding
probabilities assigned by mixed strategies).

t

1/14/2010
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Il“” 4.3 Mixed strategy Nash
equilibrium

|1:> So, the probabilities of the four outcomes are:
L@@ R(1-0)

T(p) Pq p(1-q)
B(1-p) | WP [(2-p)(L-0f

(Figure 109.1)

From this probability distributio
expected payoff to the mixed strategy pair (U,, U,):

pPg® uw(T,L)+pd- 9)° u(T,R+1- p)g® u(B,L)+@- p)I- 9)° w(B,R)

which can be written as:

1/14/2010



plg® (T, L) +(@- g)® u(T,R]+@- p)a3 w(B,L)+(1- g)* u(B,R)

Player 1 expected payoff Player 1 expected payoff
when she uses a pure when she uses a pure
strategy that assigns strategy that assigns
probability 1 to T and player 2 probability 1 to B and player 2
uses a mixed strategy U, uses a mixed strategy U,

which can be written more compactly as:
pE1[T’az]+(1' p)E1[B’az]

|]:> Player 16 expected payofU Jto
as a weighted average of her expected payoffsto T and B
when player 2 uses the mixed strategy U,, with weights

equal to the probabilities assigned to T and B by U,.
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'l
Il“” 4.3 Mixed strategy Nash
equilibrium

|1:> |l n particul ar, pl ay einearlfundion®fipp €

E[T.a,
PE[T.a,]+(@1- pE[B,a,]
E[B ]

E[T.2,]>E[Ba,]

(Figure 110.1)
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Il“” 4.3 Mixed strategy Nash
equilibrium

A significant 1 mplication of th
expected payoff is that there is only three possibilities for her
best response to a given mixed strategy of player 2:
player 106s unique best T@ETOF)se i
E.(B,U,) ): see figure 110.1
player 106s unique best BéfEgose i
E.(B,U,) ): see figure 110.1 with a downward sloping line

all mixed strategies of player 1 yield the same expected payoff
(hence, all are best response) (if E,(T,U,) = E,(B,U,) ): see figure
110.1 with a horizontal line

in particular, a mixed strategy (p, 1-p) for which 0 < p < 1 is never
a unique best response.
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Il“” 4.3 Mixed strategy Nash
equilibrium

Example: Matching Pennies revisited

Represent each playerodos preferenc
payoff unction that assigns the payoff 1 to a gain of $1 and the

payoff -1 to a loss of $1. The resulting strategic game with vNM
preferences is (figure 111.1)

Player 2
Head Talil
Head (1-1) (-1,1)
Player 1
Tall (-1,1) (1,-1)
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-|IHH| 4.3 Mixed strategy Nash

equilibrium
Denotebypt he probability that player
toHeadandqgt he probability that playe
to Head.

Pl ayer 10s expected payoff to pur
mixed strategyis:q.1+(1-q).(-1) =2q7i 1

Her expected payoff to Tailis:q.(-1) +(1-9) .1 =17 29

q 1 P,

Yo

»

0 1 1 'p (Figure 112.1: |
Best response functions)
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Il“” 4.3 Mixed strategy Nash
equilibrium

Thus:
ifqg<¥%,pl ayer 10 expected payoff t
expected payoff to Head (and hence exceeds also her
expected payoff to any mixed strategy that assigns a positive
probability to Head)

similarly, if g > Y2, her expected payoff to Head exceeds her
expected payoff to Talil.

if g = %2, then both Head and Tail (and all her mixed strategies)
lead to the same payoff.

|]:> we conclude that player 106s bes
strategy are her mixed strategy that assigns probability O to
Head if g < %2, her mixed strategy that assigns probability 1 to
Head if g > %2 and all her mixed strategies if q = 2.
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Il“” 4.3 Mixed strategy Nash
equilibrium

The best response function of player 2 is similar (see figure 112.1)

The set of mixed strategy Nash equilibria corresponds (as before)

to the set of intersections of the best response functions in figure
112.1.

Matching Pennies has no Nash Equilibrium if players are not
allowed to randomize !
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4.3 Mixed strategy Nash
equilibrium

Exercise 114.2

Find all the mixed strategy Nash equilibria of the strategic

games in Figures 114.1

L R L R
T | 60| 06 T | 01| 02
5 | 32| 60 s | 22 | 01

(Figure 114.2)
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4.3 Mixed strategy Nash

equilibrium

Exercise 114.3

Two people can perform a task if, and only if, they both exert effort. They are both
better off if they both exert effort and perform the task than if neither exerts effort
(and nothing is accomplished); the worst outcome for each person is that she

exerts effort and the other person does not (in which case again nothing is

accomplished). Specifically,
expected value of the payoff functions in Figure 115.1, which c is a positive
number less than 1 than can be interpreted as the cost of exerting effort. Find all
the mixed strategy Nash equilibria of this game. How do the equilibria change as ¢

increase? Explain the reasons for the changes.

No Effort

Effort

No Effort Effort

0,0 0,-c

-c,0 1-c,1-c

(Figure 115.1)

t he

pl ayer s

1/14/2010
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Il“” 4.3 Mixed strategy Nash
equilibrium

4.3.4 A useful characterization of mixed strategy Nash

equilibrium
The method used up to now to find Mixed strategy Nash equilibria
i nvol ves constructing playersodo be
complicated games, this method may be intractable. There is a
characterization of mixed strategy Nash equilibria that is an
invaluable tool in the study of generale game.

The key is the following observation:a pl ayer 6 s expect
to a mixed strategy profile Uis a weighted average of her

expected payoffs to all pure strategy profiles of the type (a;,U.),
where the weights attached to each pure strategy (a,U.) is the
probability U(a,) assigned to that strategyaby t he pl aye
mixed strategy U (see section 4.3.3).
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Il“” 4.3 Mixed strategy Nash
equilibrium

Symbolically:

U(a)=a a(a)Eg(a.a;)
al A
where:
A is player i &et of actions (pure strategies)

E.(a;,U)) is her expected payoff when she uses the pure strategy

that assign probability 1 to a, and every other player j uses her
mixed strategy U.
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Il“” 4.3 Mixed strategy Nash
equilibrium

This leads to the following analysis:
Let U *be a mixed strategy Nash equilibrium
Denote by E* player i0 expected payoff in the equilibrium

Because U s an equilibrium, payer i6 sxpected payoff, given U *,
to all her strategies (including all her pure strategies), is at most E*,

But E*, is a weighted average of player i0 expected payoffs to the
pure strategies to which U *assigns probability

|]:> Thus, player i6 sxpected payoffs to these pure strategies are all
equal to E*, (if any smaller, then the weighted average would be
smaller?!).
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4.3 Mixed strategy Nash
equilibrium

We conclude that:

expected payoff to each action to which U *assigns positive
probability is E*,
the expected payoff to every other action is at most E*,

1/14/2010

Proposition 116.2

A mixed strategy profile U #n a strategic game with vNM
preferences in which each player has finitely many actions is a
mixed strategy Nash equilibrium if and only if, for each player i,
the expected ptagodéver yi aemnistlgnst o
a positive probability is the same
the expect ed ptagvery dction tgwhictelh*asigns
a zero probability is at most the expected payoff to any action to
w h i c;lassigns a positive probability
Each playerds expected payof f i
payoff to any of her actions that she uses with positive —
probability




'l
Il“” 4.3 Mixed strategy Nash
equilibrium

This proposition allows to check whether a mixed strategy
profile is an equilibrium.

Example 117.1

L(0) C(1/3) R(2/3)
TR .2 3,3 1,1
MO)] .. 0,. 2,.
BA/A .4 5,1 0,7

(Figure 117.1)
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Il“” 4.3 Mixed strategy Nash
equilibrium

For the game in Figure 117,1 (in which the dots indicate
irrelevant payoffs), the indicated pair of strategies ((3/4,0,1/4)
for player 1 and (0,1/3,2/3) for player 2) is a mixed strategy
Nash equilibrium.

To verify this claim, it suffices, by proposition 116.2, to study
each playerds expected payoffs
player 1, these payoffs are:

T:}§3+231:§§
M :%O+232:%
B:%5+%O=%
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Il“” 4.3 Mixed strategy Nash
equilibrium

Pl ayer 10s mixed strategyTamdB i ¢
and probability zero to M. So, the two conditions of proposition
116.2 are satisfied for player 1.

The same verification is easily done for player 2. Note however
that, for player 2, the action L (which she uses with probability
0), has the same expected payoff to her other two actions. This
equality is consistent with proposition 116.2 (no greater than).
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4.3 Mixed strategy Nash
equilibrium

Exercise 117.2 (Choosing numbers)

Players 1 and 2 each choose a positive integer up to K. If the
players choose the same number, then player 2 pays $1 to

pl ayer 1; otherwise no

payment

preferences are represented by her expected monetary payoft.

Show that the game has a mixed strategy Nash equilibrium in
which each player chooses each positive integer up to K with

probability 1/K

Show that the game has no other mixed strategy Nash equilibria
(Deduce from the fact that player 1 assigns positive probability to
some action k that player 2 must do so; then look at the implied

restriction on player

106s

equi l i b

1/14/2010
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Il“” 4.3 Mixed strategy Nash
equilibrium

Note finally that

an implication of Proposition 116.2 is that a nondegenerate mixed
strategy equilibrium (a mixed strategy equilibrium that is not also a
pure strategy equilibrium) is never a strict Nash equilibrium: every
player whose mixed strategy assigns a positive probability to more
than one action is indifferent between her equilibrium mixed
strategy and every action to which this mixed strategy assigns
positive probability.

The theory of mixed Nash equilibrium does not state that players
consciously choose their strategies at random given the equilibrium
probabilities. Rather, the conditions for equilibrium are designed to
ensure that it is consistent with a steady state. The question of how
a steady state may come about remains to be studied at this stage.
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Il“” 4.3 Mixed strategy Nash
equilibrium

4.3.5 Existence of equilibrium in finite games

Proposition 119.1 (Existence of mixed strategy Nash
equilibrium in finite games)

Every strategic game with vNM preferences in which each player
has finitely many actions has a mixed strategy Nash equilibrium.

This proposition does not help to find the equilibrium but it is a
useful fact.
Note also that:

the finiteness of the number of actions is a sufficient condition for
the existence of an equilibrium, not a necessary one.

that a playerds strategy i n mixed
assign probability 1 to a single action.
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4.4 Dominated actions

Definition 120.1 (Strict Domination)

In a strategic game with vNM preferences, playerido s mi x e d
strategy U stricly dominates her action a ;af:

U.(a,a;)>u(a,,a,)foreverylist a for theotherplayersactions

where u; is a Bernoulli payoff function and U,( l4.) is player i6 s
expected payoff under u, when she uses the mixed strategy U
and the actions chosen by the other players are given by a..

1/14/2010
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‘ 4.4 Dominated actions

An action not strictly dominated by any pure strategy may be
strictly dominated by a mixed strategy (see Figure 120.1)

L R
T 1 1
M 4 0
B 0 3

(Figure 120.1)
The action T of player 1 is not strictly (or weakly) dominated
by M or B, but it is strictly dominated by the mixed strategy
that assigns probability 2 to M and probability %2 to B.
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4.4 Dominated actions

Exercise 120.2 (Strictly dominated mixed strategy)

In Figure 120.1, the mixed strategy that assigns probability ¥ to
M and %z to B is not the only mixed strategy that strictly
dominates T. Find all the mixed strategy that do so.

Exercise 120.3 (Strict domination for mixed strategies)
Determiner whether each of the following statements is true of
false:

A mixed strategy that assigns positive probability to a strictly
dominated action is strictly dominated.

A mixed strategy that assigns positive probability only to actions
that are not strictly dominated is not strictly dominated.
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4.4 Dominated actions

A strictly dominated action is not a best response to any
collection of mixed strategies of the other players

Suppose that playerid s a a,#s istactty dominated by her mixed
strategy U

Player i s@xpected payoff U( U Jwhen she uses the mixed strategy

U and the other players use the mixed strategies U, is a weighted

average of her payoffs U( l4,) as a_ varies over all the collections of

action for the other players, with the weight on each a; equal to the
probability with which it occurs wt
strategies are U..

Playerios expected payoff wha&mthsdther use
players use the mixed strategies U, is a similar weighted average; the
weights are the same but the terms take the form u,( gag), rather than
Ui(U.a,).

The fact that a ;@s strictly dominated by U means that U( (&) >

u( aag) for every collectiona;of t he pl ayersd actio

Hence player i s@xpected payoff when she uses the mixed strategy u —
1/14/2010 exceeds her expected payoff when she uses the action a;fgiven U,.




4.4 Dominated actions

)

Consequently, a strictly dominated action is not used with
positive probability in any mixed strategy Nash equilibrium.

Definition 121.1 (Weak domination)

In a strategic game with vNM preferences, player i sdnixed
strategy U weakly dominates her action a ;af:

U.(a,a;)? U, (a;,a,)foreverylist a, of theotherplayesactions
and

U.(a,a;)>U.(a;,a ) forsomdist a of theotherplayesactions
where u; is a Bernoulli payoff function and U( l4.) is player ic:) S
expected payoff under u; when she uses the mixed strategy U
and the actions chosen by the other players are given by a..
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4.4 Dominated actions

Note that, as a weakly dominated action may be used in a Nash
equilibrium, a weakly dominated action may be used with a
positive probability in a mixed strategy equilibrium. We can
therefore not eliminate weakly dominated actions from
consideration when finding mixed strategy equilibrium.

However:

Proposition 122.1 (Existence of mixed strategy Nash
equilibrium with no weakly dominated strategies in finite games)

Every strategic game with vNM preferences in which each
player has finitely many actions has a mixed strategy Nash

equi |l i brium in which no pl aye

1/14/2010
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d . .
”“” 4.5 Pure equilibria when
randomization is allowed

Equilibria when the players are not allowed to randomize
remain equilibria when they are allowed to randomize

Proposition 122.2 (Pure strategy equilibria survive when
randomization is allowed)

Let a* be a Nash equilibrium of G and for each player i, let U *
be the mixed strategy of player i that assigns probability one to

GoO

theactiona*. Then U* is a mixed strilat
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d . .
”“” 4.5 Pure equilibria when
randomization is allowed

Any pure equilibria that exist when the players are allowed to
randomize are equilibria when they are not allowed to
randomize.

Proposition 123.1 (Pure strategy equilibria survive when
randomization is prohibited)

LetU* be a mixed str at &gmywhithdhe I
mixed strategy of each player i assigns probability one to the
single action a*. The a* is a Nash equilibrium of G.
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d . .
”“” 4.5 Pure equilibria when
randomization is allowed

To establish these two propositions, let
and let A, for each player i, be a se

e a set of players

Consider the following t

G: the strategic e with ordinal preferences in which the set of
players is N, set of actions of each player i is A,, and the
preferences of each player i are represented by the payoff function

t he st r avNMgreferenges imehictvtihe sht of
players is N, the set of actions of each player i is A,, and the
preferences of each player i are represented by the expected
value of u,
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”“” 4.5 Pure equilibria when s
randomization iIs allowed

Proposition 122.2

Let a* be a Nash equilibrium of G, and for each player i let U *
be the mixed that assigns probeability 1 to a*. Since a* is a Nash
equilibrium of G, we kno at in G Go player i has an action
that yields her a pay igher than does a*; when all other
players adhere to-U *. Thus U *satisfies the two conditions in

e a mixed strategy Nash equilibrium of G dn which every

pl ayer6s mixed str at eddenotesa*thaur e
action to which U assigns probability one. Then, no mixed

strategy of player i yields her a payoff higher than does U *Thus

a* is Nash equilibrium of G.

1/14/2010 Game Theory - A (Short) Introduction 139



4.7 Equilibrium In a single
population

Definition 129.1 (Symmetric two-player strategic game with

VNM preferences)

A two-player strategic game VNM preferences is symmetric
I f the pl ay s0O sets of actio
preferences are represented by the expected values of payoff
functions u, and u; for which u,(a;,a,) = u,(a,,a,) for every
action pair

ns

/

/Defﬁition 129.2 (Symmetric mixed strategy Nash equilibrium)

A profile U *of mixed strategies in a strategic game with vNM
preferences in which each player has the same set of actions is
a symmetric mixed strategy Nash equilibrium if it is a mixed
strategy Nash equilibrium and U #is the same for every player i.
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Il“” 4.7 Equilibrium in a single
population

Game of approaching pedestrian (Figur

Left
Left 1/1/ 0,0
0,0 1,1

(Figure 115.1)

This game has two deterministic steady states ( (Left,Left) and
(Right,Right) ), corresponding to the two symmetric Nash equilibria in
pure strategies.

The game has also a symmetric mixed strategy Nash equilibrium, in
which each player assigns probability %2 to Left and probability ¥ to
Right. _
1/14/2010 |]:> This equilibrium corresponds to a steady state in which half of all
encounters result in collisions!




4.7 Equilibrium in a single
population

Exercise 130.3 (Bargaining)

Pairs of players from a single population bargain over the division of a
pie of size 10. The members of a pairsimultaneously make demands.
The possible demands are nonnegative even integers up to 10.

If the demands sum to 10, thén each player receives her demand. If the
demands sum to less than 10, then each player receives her demand
plus half of the pie that remains after both demands have been
satisfied. If the-demands sum to more than 10, then neither player
receives

ind all the symmetric mixed strategy Nash equilibria in which each
player assigns positive probability to at most two demands (many
situations in which each player assigns positive probability to two
actionsi says a and a @ @an be ruled out as equilibria because when
one player uses such strategy, some action yields the other player a
payoff higher than does one or both of the actions a éanda p 6
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-|IHH| 4.9 The format idn
beliefs

In a Nash equilibrium, each player chogs€s a strategy that
maxi mi zes her ected payof f,

strategies.

The idea underlying the previous analysis is that the players
have | ear d each ot hexpadiencest r at
playing the game:

The idealized situation is the following:

foreach player in the game, there is a large population of
individuals who may take the role of that player

in any play of the game, one participant is drawn randomly from

each population

In this situation, a new individual who joins a population can

| earn the other playersodéo strate
over many plays of the game.

1/14/2010 Game Theory - A (Short) Introduction 143



-|IHH| 4.9 The format idn
beliefs

As |l ong as the nu
encounters with neophytes (who m
strategies) will be sufficiently rarée that their beliefs about the

steady wi | | not be distur
Si mply earn the other playe

er of new pl
use nonequilibrium

particular, can we expect a steady state to be reached if no one
has experience?
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4. 9 The for mat | q
beliefs

4.9.1 Eliminating dominated actions

In some games, players may reasotiably be expected to choose
their Nash equilibrium actions from an introspective analysis of

the game:
At the e reme (eg., the Prisoner
are in pendent of the other pl ay
| n a ess extreme case, some pl ay
t h other playersdé actions, but t

oose may be clear because each of these players has an action
that strictly dominates all others.
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-|IHH| 4.9 The format idn
beliefs

eg.: I n the game |
dominates L. So, no matter what pl
playing, she should choose R.
deduce by this argument t
reason that she shoul
of the game.

Fi dRstricdy 1 35 .
er 2 thinks player 1 will be
onsequently, player 1, who can
player 2 will choose R, may

hoose B, even without any expercience

L R
1,1 0,0
0,0 1,1

(Figure 135.1)
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-|IHH| 4.9 The format idn
beliefs

4.9.2 Learning
Another approach to the question of hgwa steady state might be
reached assumes that player lear

she starts wirth an unexplained Apri
actions

she changes the
Two theories a

Best Response Dynamics: a simple theory assumes that in each
petiod after the first, each player believes that the other players will
choose the actions the chose in the previous period:

at the first period, each player chooses a best response to an arbitrary

eliefs in response to information she receives

deterministic belief about the ot hert
in every subsequent period, each player chooses a best response to the
ot her playerso action in the previ ol

An action profile that remains the same from period to period (steady
state) is then a pure Nash equilibrium of the game. The two questions
are then: —

does the game convergence to a steady state?
how long does it take to converge?
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-|IHH| 4.9 The format idn
beliefs

eg.: the BoS game (example 18-
does not converge:

if player 1 initiall

, for some initial beliefs,

elieves that player 2 will choose
Stravinsky player 2 believes that player 1 will

I ni ally choose Bach, the
subsequently alternate in definitively between the

ction pairs (Bach, Stravinsky) and

(Stravinsky,Bach).

Hiousplay:under t he Best Response D)
eli ef does not admit the possi bi
realizations of mixed strategies. Under the Fictitious play theory,

players consider actions in all the previous periods when forming a
beli ef about their opponentso6 str
realizations of mixed strategies:

each player begins with an arbitrary probabilistic belief about
the other playerds action

then, in any period, she adopts the belief that her opponent is
using a mixed strategy in which the probability of each action is
proportional to the frequency with which her opponent chose

1/14/2010



4 . 9
beliefs

The f or mat I

Note that:

in any two-players game in“which the player has two
actions (eg, the Matching Pennies), this process
converges to a
initial beliefs;
for othergames, there are initial beliefs for which the
ess does not converge.

Xed strategy Nash equilibrium from any

1/14/2010
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'”\” 4.10 Extension: finding all
mixed strategy Nash equilibria

The following systematic method can be used to find all mixed strategy
Nash equilibria of a game:
For each player i, choose a subset S, of her set of A, of actions
Check whether there exists a mixed strategy profile Usuch that:
(i) the set of actions to which strategy U assigns positive probability is S,
(ii) U satisfies the conditions of Proposition 116.2

Repeat the analysis for every coll e
of actions.

The shortcoming of the method is that for games in which each player
has several strategies, or in which there are several players, the
number of possibilities to examine is huge. In a two player game in
which each player has three actions:

each playerds set odmptastlset (hree dttmss s e v
consisting of a single action, three consisting of two actions, and one
consisting of the entire set of actions).

1/14/2010 so that there are 49 (7x7) possible collections of subsets to check.




'l
'”\” 4.10 Extension: finding all
mixed strategy Nash equilibria

Example 138.1: Finding all mixed strategy equilibria of a two-
player game in which each player has two actions.

L R

T| U,V | U Voo

Bl Upi,Vor | Upp, Voo

(Figure 139.1)

Denote the actions and payoffs as in Figure 139.1.

Each playerbés set of actions has
two each consisting of a single action
one consisting of both action

Thus, there are nine (3x3) pairs
sets. _
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'l
'”\” 4.10 Extension: finding all
mixed strategy Nash equilibria

For each pair (S,,S,), we check if there is a pair (U;, J) of mixed
strategies such that each strategy U assigns positive probability
only to actions in S; and the conditions in Proposition 116.2 are
satisfied:

checking the four pairs of subs
subset consists of a single action amounts to checking whether
any of the four pairs of actions is a pure strategy equilibrium.

consider the pair of subsets {T,B} for player 1 and {L} for player
2:
the second condition in Proposition 116.2 is automatically
satisfied for player 1 (she has no actions to which she
assigns probability 0)
the first condition in Proposition 116.2 is automatically
satisfied for player 2 (she assigns positive probability only
to one action).

1/14/2010 Game Theory - A (Short) Introduction 152



'l
'”\” 4.10 Extension: finding all
mixed strategy Nash equilibria

Thus, for there to be a mixed strategy equilibrium in which

pl ayer 106s pr dlpwereedt y of wusing
Uu,=Uy,: player 106s payoffs to F
equal
p Vv +(1-p) Vo, O p+(3P) Vs, : L must be at least as
goodasRgi ven player 16s mixed s

A similar argument applies to the three other pairs of subsets
i n which one playerds subset <co
the other playerods subset consi

To check finally whether there is a mixed strategy equilibrium
in which the subsets are {T,B} for player 1 and {L,R} for player
2, we need to find a pair of mixed strategy that satisfied the
first condition of Proposition 116.2 (the second condition being
automatically satifisfied, no action having O probability). That is,
we need to find p and g such as:

q uy; + (1-9) uy, = quy + (1-g) Uy,
ov. +(1-0Vv.. =—pv. +(1-n\ Vv
| et 11 \ =7 Z1 | et Z1 \ =7 ZZ
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4.10 Extension: finding all
mixed strategy Nash equilibria

Example 139.2: Find all mixed strategy equilibria of a variant of

BoS

B S X
B 4,2 0,0 0,1
S 0,0 2.4 1,3

(Figure 139.2)

Exercise 141.1: Find all mixed strategy equilibria of a two-

1/14/2010

player game L M R
T 2,2 0,3 1,3
B 3,2 1,1 0,2

Gal

(Figure 141.1)
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'l
'”\” 4.10 Extension: finding all
mixed strategy Nash equilibria

Exercise 142.1: Find the mixed strategy Nash equilibria of the
three player game in Figure 142.1 (each player has two actions)

A B

Al 11,1 0,0,0

0,0,0 0,0,0

(Figure 142.1)
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4.11 Extension: games in which
each player as a continuum of
actions

Consider now the case of a continuum of actiens: the principle involved
in finding mixed strategy equilibria of games are the same as for games
with finitely many actions, though thetechniques are different.

In a game in which a player h continuum of actions, a mixed
strategy of a player is determined by the probabilities it assigns to sets
of actions.

Proposition 116,

Propositionr142.2 (Characterization of mixed strategy Nash
equilibriam)
ixed strategy profleU* i n a st r avNMgieferenges isie
a mixed strategy Nash equilibrium if and only if, for each player i,
U *assigns probability zero to the set of actions a, for which the action
profile (a;, ) yields player i an expected payoff less than her expected
payoffto U * .
for no action a; does the action profile (a;,a*.) yield player i an expected
payoff greater than her expected payoff to U*.

1/14/2010




"I|‘H| 4.11 Extension: games in which -
each player as a continuum of
actions

Games with continuum of actions can be-very complex to
analyze. A significant class of games consist of games in which
each player o6s e ddimensiond intérvalmin s |1 s
numbers:
Consider such a gamneé with two players
Letplayerio s~s et of acti ona;tolag forti41i,2 i nt

each playeros mixed str a
tion of this interval: the mixed strategy of each playeriis a
ndecreasing function F, for which 0CF,(a)O1, f or ea.ery
The number F,(a) is the probability that playerid6 s acti on i s
a.
the form of a mixed strategy Nash equilibrium in such a game can

be very complex but some such games, however, have equilibria of

a particularly simple form, in wh

strategy assigns probability zero except in an interval.

1/14/2010



"I|‘H| 4.11 Extension: games in which -

each player as a continuum of
actions

The mixed strategies (F,,F,) satisfies the following conditions for
1=1,2:

There are numbers x; and y;Ssuch that playeric s mi xed st
F; assigns probability zefo except in the interval from x; to y;:
F.(2)=0 for z<x;, Fi(z)=1, for z Oy;,.

Playerio s ~expected payofdandheeother her
player s her mixed strategy F; takes the form:

=¢c forx,0a0 vy i

Oc, for a, < x;and a, >y,
where ¢, is a constant.
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4.11 Extension: games in which
each player as a continuum of
actions

Example 143.1 (All-pay auction)

Two people submit sealed bid for
them. Each pe
$K. The winner is the per
of a tie, each person
values at $K/2).

whether sh
amount of money the receives.

Ssond6s bid may
n whose bid is higher. In the event
ceive half of the object (which she

ch person pays her bid, regardless of
ins, and has preferences represented by the

object worth $K for each of

b e

1/14/2010
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"I|‘H| 4.11 Extension: games in which -
each player as a continuum of
actions

This situation may be modeled by the f
Players: the two bidders
Actions:

wing strategic game:
pl ayer6s set of act

preferences ar e I

eg.: a competition among two firms to develop a new product by
some deadline, where the firm that spends the most develops a
better product, which capture the entire market.
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-||”H| 4.11 Extension: games In which
each player as a continuum of
actions

An all-pay auction has no pure strategy Nash equilibrium, by the
following argument:

No pair of actions (x,X) with x is a Nash equilibrium because
either player can increasetier payoff by slightly increasing her bid

(K,K) is not a Nash equilibrium because either player can increase
her payoff from ¥K/2 to O by reducing her bid to O

No pair of actions (a,,a,) with a,I ais a Nash equilibrium because
the player whose bid is higher can increase her payoff by reducing

id (and the player whose bid is lower can, if her bid is positive,
increase her payoff by reducing her bid to 0)

1/14/2010 Game Theory - A (Short) Introduction 161



-||”H| 4.11 Extension: games In which
each player as a continuum of
actions

Consider the possibility that the game has mixed strategy Nash
equilibrium. Denote F; the mixed strategy (cumulative density
function over the interval of possible bids).

We look for an equilibrium-inh which neither mixed strategy
assigns positive probability to any single bid (there are infinitely
many possible bids and for continuous random variables,

he probability that she bids less than a..

We restrict our attention to strategy pairs (F,,F,) for which, for
1=1,2, there are numbers x; and y, such that F; assigns positive
probability only to the interval form x; to y;,.
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"I|‘H| 4.11 Extension: games in which -
each player as a continuum of
actions

To investigate the possibility of such an equilibrium, consider
pl ayer 10s ed payaoaf givewhen
pl ayer 20s Tk X strategy
ifa, <x,, thena;i s | than player 206s bid
pl ayer 1disyupayoff 1is
ifa, >y, thenalexceeds player 20s bid with
10Ksa, payof f is
then player 106s expected pa
with probability F,(a,),p| ayer 206s bid is | ess th:
10s pakgf f i1 s
with probability 1-F,(a;),pl ayer 206s bid exceeds a

160s pawoff is
by assumption, the probabilitsgisthat
zero

Player 1 expected payoff is (K-a;) F,(a,) + (-a;) (1-F,(a;)) = KF2(a,)-a;
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"I|‘H| 4.11 Extension: games in which -
each player as a continuum of
actions

We need to find values of x1 and y1 anda strategy F2 such that
pl ayer 10s ed payoff sat.i
142.2

v

(Figure 144.1)

|l:> it is a constant on the interval x, to y, and less than this
constant outside this interval.
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4.11 Extension: games in which
each player as a continuum of
actions

1/14/2010

The conditions are therefore:
K F,(a,)-a,=c, forx, O , ® ,fors
Fo(x5) = 0 and F,(y,)=1
F, must be non decreasing (it is a CDF)
and analogous conditienis must hold for x,,y,, and F,.

e constant ¢,

Solution: we'see that if X, =x,=0,y; =y, = K, and F,(z) = F,(2)
=zIKferallzwi t hz 0OQtl@se conditions are fulfilled. We
that each player expected payoff is constant and equal to O,
for all her actions.

Thus, the game has a mixed strategy Nash equilibrium in which
each player randomizes uniformly over all her actions. Proving
that it is the only mixed strategy Nash equilibrium is more
complex.




'
Il“” 4.12 Appendix: representing
preferences by expected payqgffs

4.12.1 Expected payoffs

Suppose that a decision-marker haspreferences over a set of
deterministic outcomes and that'each of her actions results in a
lottery (probability distribution) over these outcomes

To determine the action she chooses, we need her preferences
over lotteries

We cannot derive these preferences form her preferences over
iistic outcomes. So, assume we are given preferences over

Under fairly week assumptions, we can represent these
preferences by a payoff function: we can find a function, say U,
over lotteries (p;,, @ puchthatU(p, ép > U ( §podly if
the decision marker prefers (p;, @D (PO §&)pwhere each
outcome occurs with probability p;.
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4.12 Appendix: representing
preferences by expected payqgffs

1/14/2010

In most case, we need however more structureto go farther in the
analysis. The standard approach, develo by von Neumann and
Morgenstern (1994), is to impose an additional assumption (known as the
Ai ndependence
maker 6s prefe
Under this assumption, thére is a payoff function u over deterministic
outcomes such thatthie decision-ma k er 6 s pref er ence
Is represented by the function:

U (PP ) = apku(ak)

k=1

where a, is the kth outcome of the Iottery and:

a pu(a) > a P\ u(@,)

k=1 k=1
if and only if the decision-maker prefers the lottery (p,, € pto( p, 6& p.0

sumptiono) that allo
ences can be represent



4.12 Appendix: representing
preferences by expected payqgffs

This sort of payoff function (for which the-decision-maker
preferences are represented by the expected value of the
payoffs) is known as Bernoulli payoff functions.

eg.. suppose that theré are three possible deterministic
outcomes: the decision-maker may receive $0, $1 or $5 (and
naturally preféers $5 to $1 to $0). Suppose that she prefers the
lottery (172,0,1/2) to the lottery (0,3/4,1/4), where probabilities
are-given for outcomes $0, $1 and $5. This preference is
consistent with preferences represented by the expected value
of a payoff function u for which u(0)=0, u(1)=1 and u(5)=4:

1 1 3 1

Z—0+=4>21+=-4
27 2747 4

1/14/2010
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Il“” 4.12 Appendix: representing
preferences by expected payqgffs

The great advantage of Bernoulli payoff functior is that preferences are
completely specified by the payoff function:'once we know u(a,) for each

possible outcome a,, we know the deeiSion-maker preferences among
all lotteries.

Bernoulli payoff function m

however not be confused with payoff
function that represent

e decision-mar ker 6s preference

nts the decision-ma k er 6 s preferences over

however, the converse is not true.

eg. : suppose a decision-maker prefers $5, $1 and $0 and prefers lottery
(1/2,0,1/2) to (0,3/4,1/4). Defines u as u(0)=0, u(1)=3 and u(5)=4. u is
compatible with preferences over deterministic outcomes. However, it is
not compatible with preferences over lotteries:

1 1 3 1

—.0+-4<-3+-4 —
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4.12 Appendix: representing
preferences by expected payqgffs

1/14/2010

4.12.2 Equivalent Bernoulli payoff func@oﬂs/

Lemma 148.1 (Equivalence of Bernaulli payoff functions)

Suppose that there are at lea ree possible outcomes. The
expected values of the Bernoulli payoff functions u and v
represent the same préferences over lotteries if and only if there
exist number k m (with m > 0) such that u(x) = k + m v(x), for
all x.

rcise 149.2 (Normalized Bernoulli payoff functions)

represented by the expected value of the Bernoulli payoff
function u. Find a Bernoulli payoff function whose expected

a payoff of 1 to the best outcome and a payoff of O to the worst
outcome.

Suppose that a decision-mar ker 6 s preferences

value represents the decision-ma k er 6 s pref erence



J| -
Il“” 4.12 Appendix: representing
preferences by expected payqgffs

4.12.3 Equivalent strategic games with v

preferences

B S B S B S
B 1,1 0,0 1,1 0,0 1,1 0,0
S 0,0 1,1 0,0 1,1 0,0 1,1

(Figure 150.1)

the three games of figure 150.1 represents the same strategic game
with deterministic preferences

only the left and middle tables represent the same strategic game
with vNIM preferences. The reason is that the payoff functions in the
middle table are linear functions of the payoff functions in the left
table, whereas the payoff fonctions in the right table are not.

1/14/2010



4.12 Appendix: representing
preferences by expected payoffs

Denotes ui, vi, wi the Bernoulli payoff fu
Then v,(a)=2u,(a) and v,(a)=-3+u,

ions of the three games.
“But, w, is not a linear

function of u,. There is no constant e and d suchthatw,( a) = ¢
d y):
=m+q 0
=gl
3=mHqg 2
has no solution.
172

1/14/2010

Game Theory - A (Short) Introduction



J| -
Il“” 4.12 Appendix: representing
preferences by expected payqgffs

Exercise 150.1 (Games equivalenttothePr i soner 06s Di
Which of the right tables in Figure 150.2 represents the same
strategic game with vNM preferéncesasthe Pr i soner 0s
Dilemma as specified in the left panel?

C D C D

C 2,2 0,3 C 3,3 0,4 C 6,0 0,2

D /3/0/ 1,1 D| 40 2,2 D| 9.4 3,-2

(Figure 150.2)
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9. Bayesian Games




Framework

An assumption underlying the notion of Nash equilibrium is that
each player holds the correct b
actions. To do so, the player must know the other player
preferences.

However, in many situation, players are not perfectly informed
about their opponeqfirmdOmaygiotknowc t e
each othersodé cost functions).

In this chapter, we generalize the notion of strategic game to
allow the analysis of situations in which each player is
imperfectly informed about an aspect of her environment that is
relevant to her choice of action.
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9.1 Motivational examples

With start with one example to illustrate main ideas of Bayesian

games

Example 273.1 (Variant of BoS with imperfect information)

Consider a variant of BoS in which player 1 is unsure whether
player 2 prefers to go out with her or prefers to avoid her,

whereas player 2 (as before)
B S 1 B S
B|2 21 0,0 220 0,2
S 0,0 1,2 0,1 1,0
2 wishes to meet 1 2 wishes to avoid 1

Prob 1/2

Prob 1/2

k n

1/14/2010
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9.1 Motivational examples

Specifically, suppose player 1 thinks that with probability %2 player 2
wants to go out with her, and with probability Y2 player 2 wants to
avoid her (see figure 274.1)

Because probabilities are involved, an analysis of the situation
requires us to know the playerso

We can represent the situation as being with two states. In state 1,
the Bernoulli payoff are given in the left table. In state 2, the
Bernoulli payoff are given in the right table. Player assigns
probability Y2 to each state.

The notion of Nash equilibrium must be generalize to this new

setting:
from player 106s point of tyesew,
(one whose preferences are given by the left table of Figure
274.1 and the other, by the right table).

1/14/2010
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9.1 Motivational examples

Type 1 player 2 choice

n

1/14/2010

Player 1 does not know player 2 types. So, to choose an action
rationally, she needs to form a belief about the action of each
player 2 type.

Given these beliefs and her belief about the likelihood of each
type, she can calculate her expected payoff to each of her
actions.

For example, if player 1, conditionally on choosing B, thinks
that type 1 of player 2 will choose B and type 2 of player 2 will
choose S, then she thinks that B will yield her a payoff of 2 with
probability ¥2 and of O with probability ¥2. So, in this case, her
expected payoffto Bis (¥2. 2 + %2 . 0)=1. Similar calculations

lead to table 275.1.
< L » Type 2 player 2 choice

(B,B) (B,S) (S,B) (S,S)
2 1 1 0
0 Yo Yo 0

(Figure 275.1)




9.1 Motivational examples

1/14/2010

For this situation, we define a pure strategy Nash equilibrium to be
a triple of actions (one for player 1 and one for each type of player
2) with the property that:

the action of player 1 is optimal, given the actions of the two
types of player 2 (and player 1

the action of each type of player 2 is optimal, given the action
of player 1

Note that in a Nash equilibrium:

pl ayer 106s action is a best res
of actions of the two types of player 2

the action of the type of player 2 who wishes to meet player 1
IS a best response in the left table of Figure 274.1

the action of the type of player 2 who wished to avoid player 1
IS a best response in the right table of Figure 274.1 to the
action of player 1 —



9.1 Motivational examples

Why should player 2, who knows his own type, have to plan
what to do in both cases?
She does not!

However, as an analysts, we need to consider what she would do
in both cases. The reason is that to determine her best action,
player 1, who does not know player 2 type, needs to form a belief
about the action each type of player 2 would take, and we wish to
impose the equilibrium condition that these beliefs are correct.

(B,(B,S)) is a Nash equilibrium where

(B.(B,9))

‘ | » Player2i Type 1
Player1 < » Player21i Type 2

1/14/2010
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9.1 Motivational examples

Proof:

given that the action of the two types of player 2 are (B,S), player
1 060s aBcgoptimal (see Figure 275.1)

given that player 1 chooses B, B is optimal for player 2 type 1 and
S is optimal for player 2 type 2 (see Figure 274.1)

We interpret the equilibrium as follows:

Type 1 - player 2 chooses B and type 21 player 2 chooses S,
inferring that player 1 will choose B

player 1, who does not know if player 2 is of type 1 or of type 2,
believes that if player 2 is of type 1, she will choose B and if player
2 is of type 2, she will choose S.
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‘ 9.1 Motivational examples

We can interpret the actions of the two types of player 2 to
refl ect player 20s i nt entbeforas I

she knows the state. This corresponds to the following situation:
initially, player 2 does not know the state; she will be informed by a
signal that depends on the state;
before receiving this signal, she plans an action for each possible
State,

the same story is valid for player 1 but player 1 will receive an
uninformative signal (same signal in each state)

Note that in such a setup, a Nash equilibrium is list of actions,

one for each type of each player, such that the action of each

type of each player is a best response to the actions of all the
types of the other player, give
state after she observes her signal. o
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9.1 Motivational examples

Exercise 276.1 (Equilibria of a variant of BoS with imperfect
information)

(i) Show that there is no pure strategy of this game in which
player 1 chooses S.

(i) Find the mixed strategy Nash equilibria of the game (First
check whether there is an equilibrium in which both types of
player 2 use pure strategies; then look for equilibria in which
one or both of these types randomize).

1/14/2010
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0.2 General definitions

9.2.1 Bayesian games

A strategic game with imperfect information is called a Bayesian
game.

A key component in the specification of the imperfect information is
the set of state: each state is a complete description of one
collection of the playerso rel
i nformation, ¢é&). For every col
player believes to be possible, their must be a state.

A the start of the game a state is realized. The players do not
observe this state. Rather, each player receives a signal that may
give her some information about the state. We denote the signal
player i receives in state ¥ by U(¥). The function U.) is called the
player i6 signal function. Note that this is a deterministic function:
for each state, a given signal is received.
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0.2 General definitions

The state that generates any given signal t; is said to be consistent
with the signal t..

The size of the set of states consistent with each player i s&ignal
reflect the quality of playerid s i nf or mati on. The t
are:

if ({ vi¥ different for each value of ¥, the player i knows,
given her signal, the state that has occurred: she is perfectly
informedabout all the playerso rel

if ({ vi¥ the same for all states, then player i s&ignal conveys
no information: she is perfectly uninformed.

We refer to player i in the event that she receives t; as type t; of
player i. Each type of each player holds a belief about the
likelihood of the states is consistent with her signal (eg.: if t= (W)=
W ¥), then type t; of player i assigns probabilities to ¥, and ¥ .
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m 9.2 General definitions

Each player (may) care about the actions chosen by the other

players and about the state. We need therefore to specify their
preferences regarding probability distribution over pairs (a, ¥),

consisting of action profile a and a state ¥ .

We assume t hat each playeros pref
distributions are represented by the expected value of a Bernoulli
function. We therefore specify player i6 preferences by giving the
Bernoulli payoff function u; over pair (a, ¥).
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0.2 General definitions

Definition 279.1 (Bayesian game)

A Bayesian game consist of
a set of players
a set of states
and for each player
a set of actions

a set of signals that she may receive and a signal function that
associates a signal with each state

for each signal that she may receive, a belief about the states
consistent with the signal (a probability distribution over the set of
states with which the signal is associated)

a Bernoulli payoff function over pairs (a,¥ ), where a is an action
profile and ¥ is a state, the expected value of which represents the
pl ayero6s preferences.
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0.2 General definitions

Note that the set of actions of each player is independent of the
state: each player may care about the state, but the set of
actions available to her is the same in every state.

Application to Example 273.1
players: the pair of people
states: {meet, avoid}
actions: for each player {B,S}

signals: player 1 may receive a single signal z. Her signal function (J
satisfies J(meet)= J(avoid)=z. Player 2 receives one of two signals (m
and v). Her signal function J satistifies J(meet)=m and J(avoid)=v.

beliefs: player 1 assigns probability 2 to each state after receiving the
signal z. Pl ayer 2 assigns probability 1
signalm, and probability 1 to stawe ia\

payoffs: the payoffs u(a,meet) of each player i for all possible action
pairs are given in the left panel of Figure 274.1. (for u,(a,avoid) in the —
1/14/2010 nght pane|)_




m 9.2 General definitions

9.2.2 Nash equilibrium

In a Bayesian game, each player chooses a collection of actions:
one for each signal she may receive (each type of each player
chooses an action).

In a Nash equilibrium of such a game, the action chosen by each
type of each player is optimal, given the actions chosen by every
type of every other player.

“:> We define a Nash equilibrium of Bayesian game to be a Nash
equilibrium of a strategic game in which each player is one of the
types of one of the players in the Bayesian game.
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0.2 General definitions

Notations:
Pr(¥ |t,): probability assigned by the belief ot type t; of player i to
state v .
a(J,t;): action taken by each type t; of each player |.
LK"‘),i playerjd s si gn axl.”l—le'r actiorsig tlaststate is
a(j, Wr)). We denote (¥ )=a(j, Yx)).

With these notations, the expected payoff of type t; of player i
when she chooses action a, is:

8 Pristt)u (3, & (). w)

where:
q is thesetof states
(a,&, (W) is theactionprofilein which playefi choosesheactiona,

andeveryotherplayer; choosesE (W
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m 9.2 General definitions

Definition 281.1 (Nash equilibrium of Bayesian game)

A Nash equilibrium of Bayesian game is a Nash equilibrium of

the strategic game (with vNM preferences) defined as follows:
players: the set of all pairs (i,t;) in which i is a player in the
Bayesian game and t; is one of the signals that i may receive;
actions: the set of actions of each player (i,t) is the set of actions
of player i in the Bayesian game;
preferences: the Bernoulli payoff function of each player (i,t) is
given by

8 Privt)u (@&, & (W), w)
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Exercise 282.3 (Adverse selection)

FIMA(t he fAacquirero) i1 s clgndhieddrtiamqg
doesnotknowfimTés value; 1t believedist hat
controlled by its own management, is at least $0 and at most $100, and
assigns equal probability to each of the 101 dollar values in this range
(uniform distribution). Firm T will be worth 50% more under firm A6 s
management than it is under its own management. Suppose that firm A

bids y to take over firm T, and firm T is worth x (under its own

management). Then if T accepts A$offer, A s p a BRkify)and

TO0s paydTrejecisdds oAMOéfsemp,ayof Tosi sp aleodrfd
Model this situation as a Bayesian game in which firm A chooses how

much to offer and firm T decides the lowest offer to accept. Find the

Nash equilibrium (equilibria?). Explain why the logic behind the

equilibrium is called adverse selection.
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l“” 9.3 Example concerning

Information

9.3.1 More information may hurt

A decision-maker in a single-person decision problem cannot be

worse off if she has more information: if she wishes, she can ignore
the information. In a game, this is not true.

Yy Yy
1
Yy s
L M R 2 L M R
Tl 1,20 1,0 1,30 Tl 120 | 1,30 1,0
Bl 22 0,0 0,3 Bl 22 0,3 0,0
State ¥, State ¥,
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”“” 9.3 Example concerning
Information

Consider the two-player game in Figure 283.1. Uis 0 < U< %. In this
game, there is two states and neither player knows the state.

Pl ayer 20s uniqgue best resphbnse t
if player 1 chooses T:
Lyi eds 20U
M and R each yield 3/2 U
if player 2 chooses B:
L yields 2
M and R each yield 3/2.
Pl ayer 16s uniqulesBoest response t

Thus, (B,L) is the unique Nash equilibrium. Each player get a
payoff of 2. The game has no mixed strategy Nash equilibrium.
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9.3 Example concerning
Information

Consider now that player 2 is inf
signal function satisfies U( ¥ 1,( 4.

In this game, (T,(R,M)) is the unique Nash equilibrium (each type of
player 2 has a strictly dominant action,towhichTi s pl ayer 1
unique best response).

Il n this game, player 206s payof f i
worse off when she knows the state !

To understand this result, R is good only in state ¥, and M is good

only in state ¥, while L is a compromise. Knowing the state leads

player 2 to choose either R or M, which induces player 1 to choose

T. There is no steady state in which player 2 chooses L, to induce

player 1 to choose B.
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0.6 lllustration: auctions
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9.6.1 Introduction

Il n section 3.5, every bidder know
the object for sale. This is highly unrealistic!

Assume that a single object is for sale. Each bidder receives
independently some information (a signal) about the value of the
object to her:

i f each bidderoés signal is simp
bi dder s 6 v@ivalegdg.i wonk of art wlhose beauty
interests the buyers);

i f each bidderdéds valuation depe
well as her own, we say that the valuations are common

(eg.:oil tract containing unknown reserves on which each bidder

has conducted a test)

We will consider models in which bids for a single object are
submitted simultanesously (bids are sealed) and the participant
who submits the highest bid obtains the object. _



.||” ”
‘ 0.6 lllustration: auctions

We will consider both first-price (the winner pays the price she

bids) and second-price (the winner pays the highest of the

remaining bids) auctions.

Note that the argument that the second-price rule corresponds to

an open ascending auction (English auction) depends upon the

bi ddersd valuations being private
open ascending information reveals information to bidders, they do

not have access to in a sealed bid procedure.

9.6.2 Independent private values

Each bidder knows that all otvher
(where v- O ) @nd at most v+. She believes that the probability

t hat any given bi ddeisle(g,indepdndent ofi o n
all other Dbi dderFsiacenanuousricreasimgs , wh
function (CDF).
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The preferences of bidder whose valuation is v are represented by
a Bernoulli payoff function that assigns 0 to the outcome in which
she does not win the object and v-p to the outcome in which she
wins the object and pays the price p (quasi-linear payoff function).
This amounts to consider that the bidder is risk-neutral.

We assume that the expected payoff of a bidder whose bid is tied
for first place is (v-p)/m, where m is the number of tied winning
bids.

We denote P(b) the price paid by the winner of the auction when
the profile of bids is b:

for a first-price auction, P(b) is the winning bid (the largest b,)

for a second-price auction, P(b) is the highest bid made by a
bidder different from the winner
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The Bayesian game that models first- and second-price auctions
with independent private valuations is therefore:

pl ayers: the set of bidders 1, ¢
states: the set of all profiles (v,, &) ofwaluations, where v- O

v; Ov+ for all i

actions: each playerds set of a

(nonnegative numbers)

signals: the set of signal that each player may observe is the
set of possible valuations (the signal functionis Wv,, &) =v
V).

beliefs: every type of player i assigns probability F(v,) F(v,) &
F(vi,) x F(vi,;) €& [Ro(the event that the valuation of every
other player j is at most v..
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0.6 lllustration: auctions

payoff functions:

b _&(vi - P(b))/mif b, ¢b forall j, iandb, =h for mplayer:
4 ,(vl,...vn))-% 0if b, >b forsomej , i

Nash equilibrium in a second-price sealed-bid auction: in a
second-price sealed-bid auction with imperfect information about
valuations (as in the perfect inf
to her valuation weakly dominates all her other bids:

consider some type v; of some player i and let b, be a bid not equal to v,

for all bids by all types of all the other players, the expected payoff of
type v; of player i is at least as high when she bids v, as it is when she
bids b,, and for some bids by the various types of the other players, her
expected payoff is greater when she bids v; than it is when she bids b,
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0.6 lllustration: auctions

Exercise 294.1 (Weak domination in a second-price sealed-bid
auction)

Show that for each type v; of each player i in a second-price
sealed-bid auction with imperfect information about valuations the
bid v, weakly dominates all other bids.

We conclude that a second-price sealed-bid auction with imperfect
information about valuations has a Nash-equilibrium in which every
type of every player bids her valuation.

Exercise 294.2 (Nash equilibria of a second-price sealed-bid
auction)

For every player i, find a Nash equilibrium of a second-price
sealed-bid auction in which player i wins.
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Nash equilibrium in a first-price sealed-bid auction

in case of perfect information, the bid v, by type v; of player i
weakly dominates any bid greater than v;, does not weakly
dominate bids less than v;, and is itself weakly dominated by
any such lower bid.

So, the game under imperfect information may have a Nash
equilibrium in which each bidder bids less than her valuation.

Take the case of two bidders
distributed uniformly between 0 and 1 (this assumption means
that the fraction of valuations less than v is exactly v, so that
F(v)=vforallvwithOOvO 1) .

Denote by b,(v) the bid of type v of player i.

In this case, the game has a (symmetric) Nash equilibrium in
which the function b, is the same for both players, with b;(v) =
Y, v for all v (each type of each player bids exactly half her
valuation).

an



0.6 lllustration: auctions

Proof:
suppose that each type of bidder 2 bids in this way;
as far as player 1 i1 s concerr

uniformly distributed between 0 and Y%;

thus, if player 1 bids more than %2, she surely wins. If she
bidsb,O I, the probability that
that player 20s vbgwhicass2bgn i s
consequently, her payoff function of her bid is:

‘Player 16s expected pay

fzbl(vl- b)if 0¢b; ¢ 3
PV byif bl>%

0 7 vy 7 Vv, bf
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This function is maximized at ¥z v, (this can easily be seen
graphically on Figure 295.1) or established mathematically.

Both player are identical. So, player 2 bids also half is valuation,
conditional on player 1 bidding half is valuation.

Thus, the game has a Nash equilibrium in which each player bids
half his valuation.

When the number n of bidder exceeds 2, a similar analysis shows that
the game a (symmetric) Nash equilibrium in which every bidder bids the
fraction 17 1/n of her valuation.

Interpretation: in this example (but also for any distribution F satisfying
our assumptions):

choose n-1 valuations randomly and independently, each
according to the cumulative distribution F

the highest of these n-1 valuations is a random variable. Denote it
X;

Fix a valuation v. Some values of X are less than v and others are
greater.
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Consider the distribution of X in those cases in which it is less than
v. The expected value of this distribution is:

E(X|X <v)

Then, the following proposition holds:

If each b i d d ealudiian is drawn independently from the
same continuous and increasing cumulative distribution, a
first-price sealed-bid auction (with imperfect information
about valuations) has a (symmetric) Nash equilibrium in
which each type v of each player bids E(X|X<v), the
expected value of the highest of the other p| ay leidss 6
conditional on v being higher than all the other valuations.

Application for the case of 2 bidders and uniform distribution:

for any valuatonvof pl ayer 1, the cases
valuation is less than v are distributed uniformly between 0
and v;

so the expected value of pl ayel
being less than v is %2 v.
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Comparing equilibria of first- and second-price auctions

As in the case of perfect information, under the assumptions of
this section, first- and second-price auctions are revenue
equivalent;

Consider the equilibrium of a second-price auction in which
every player bids her valuation:

the expected price paid by the bidder with valuation v who
wins is the expectation of the highest of the other n-1
valuations, conditional on this maximum being less than
v,

in notation, this is E(X|X<v);

we have just seen that this is precisely the bid a player
with valuation v in a first-price auction (and hence, the
amount paid by such a player if she wins);

as in both case, the winner with highest valuation win,

both auctions yipld the auctioneer the same revenue!
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Exercise 296.1 (Auctions with risk-averse bidders)

Consider a variant of the Bayesian game defined earlier in this

section in which the players are risk averse. Specifically, suppose
eachofthenpl| ayersoé6 preferences are re
value of the Bernoulli payoff function x¥™ wherexi s t he pl a\
monetary payoff and m> 1. Suppose also that
valuation is distributed uniformly between 0 and 1. Show that the
Bayesian game that models a first-price sealed-bid auction under

these assumptions has a (symmetric) Nash equilibrium in which

each type v; of each player i bids:

& 1 9
b'_é% [m(n-1)+1]§/i

Note that the solution of the problem max,[b*(v-b)'] is kv/(k + ).
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Compare the auctioneerods revenue
revenue in the symmetric Nash equilibrium of a second-price
sealed-bid auction in which each player bids her valuation (note

that the equilibrium of the second-price auction does not depend on
the playerso6 payoff functions).

9.6.3 Common valuations

Il n this setup, each playeros valuwu
signals as well as her own.

Denote the function that gives playerid s v al uggand on by
assume that it is increasing in all the signals.

Let P(b) be the function that determines the price paid by the
winner as a function of the profile b of bids.
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The following Bayesian game models first- and second-price
auctions with common valuations:

pl ayers: the set of bidders 1, ¢
states: the set of all profiles (t;, @) oftsignals that the players

may receive

actions: each playerds set of a

(nonnegative numbers)

signals: the signal function Uof each player i is the set of
possible valuations (the signal function is Wv,, &) =w;: each
player observes her own signal).

beliefs: each type of each player believes that the signal of
every type of every other player is independent of all the other
pl ayersd signal s.
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payoff functions:

Oif b, > forsome) , |

Nash equilibrium in a second-price sealed-bid auction

é(g;(t,..1,)- P(b))/mif b, ¢ forall j, i andb, =l for mplayer:
(b, (t,--1,)) =1 .
|

We analyze the case of two bidd

uniformly distributed from 0 to 1 and the valuation of each

bidderiisv,=U , # ]QWh(BI’ej is the other playerandU O o (

0 (the case U= 1 and 2 = 0 is the private value case and the

case U =is called pure common value.

The assumption is that a bidder does not know any other

pl ayerdés signal but, as the ana

bids contain some information a
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Under these assumptions, a second-price sealed-bid auction has a
Nash equilibrium in which each type t; of each player i bids (U+9) t..
Proof: to determine the expected payoff of type t1 of player 1, we need
to find:

the probability with which she wins

the expected price she pays

the expected value of player 206s
Probability that player 1 win:

gi ven t,huat pl ayer (@63, bplday ergb, T s

wins only if b, O(U +)d,, orif :

t, ¢ b,
(@a+9)

t, is distributed uniformly between 0 and 1. So, the probability that
is is at most b, / (U +)ds b, / (U +)oThus, a bid b, by player 1 wins
with probability b, / (U +)2




0.6 lllustration: auctions

Expected price player 1 pays if she wins:
the price she pays is equal to the player 2 bid;
the player 2 bid, conditional on being less than b,, is distributed
unformly between Oandb,. Thus, the expected
bid, given that it is less than b, is %2 b;.

Expected value of player 206s signal
Player 2 bid, given her signal t,, (U +)d.,. So,vthe expected value of
signal that yield a bid less than b, is*2 b, / (U +)2

The expected payoff if she bids b, is the difference between her

expected valuation (given her signal t; and the fact that she wins) and

the expected price she pays, multiplied by her probability of

winning. Using the previous results, we get:

RS

@+ 08 o(a o gr2@ran- b
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This function is maximized at b,=(U + 9:)sd, if each type t, of
player 2 bids =(U + 3, )arty type t, of player 1 optimally bids
=(U+2q) t

The arguments are symmetric for player 2. We therefore get a
symmetric Nash equilibrium.

Exercise 299.1 (Asymmetric Nash equilibria of second-price
sealed-bid common value auctions)

Show that when U = o Hdt any value &> 0, the game has an
(asymmetric) Nash equilibrium in which each type t; of player 1
bi ds t{ahdreachtypet2ofplayer2bids( 1 + ,.1/ &) t
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Note that when player 1 calculates her expected value of the
object, she finds the expgvertlkad v a
her bid wins. The fact that her bid wins is, in fact, a bad news

about the level of other player valuation. A bidder who does not

take account of this factis saidtosufferf r om t he wi nner

Nash equilibrium in a first-price seald-bid auction

A first-price sealed-bid auction has a Nash equilbrium in which
each type t. of each player i bids %2 (U + 2,.) 't

Exercise 299.2 (First-price sealed bid auction with common
values)

Verify that a first-price sealed bid auction has a Nash equilibrium in
which the bid of each type t, of each playeriis¥% (U + 2.) t
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Comparing equilibria of first- and second-price auctions:
The revenue equivalence of first- and second-price auctions
holds also under common valuations:

in each case, the expected price paid by the winner (for
the symmetric equilibrium) is %2 (U + 2;.) t

in each case, the bidder wins if she has the highest
valuation (this is to say, with the same probability).

In fact, the revenue equivalence principle holds much more
generally (see Meyrson Lemma).
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l“” 9.8 Appendix: auctions with an
arbitrary distribution of valuations

9.8.1 First-price sealed bid auctions

We construct here a symmetric equilibrium of a first-price sealed
bid auction for a generic distribution F of valuations that satisfies
the assumptions in Section 9.6.2 and is differentiable on (v-, v+).

Denote the bid of type v of bidder i by b;(v).

In a symmetric equilibrium, every player uses the same bidding
function (so by(v)=b for some function D).

Assume:
b is increasing in valuation (seems reasonable)
b is differentiable.
Then:
then there is a condition that b must satisfy in any symmetric
equilibrium
exactly one function b satisfies this condition
this function is increasing. _
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l“” 9.8 Appendix: auctions with an
arbitrary distribution of valuations

Suppose that all n-1 players other than i bid according to the
increasing differentiable function b.

Then, given the assumption on F, the probability of a tie is zero.

Hence, for any bid b, the expected payoff of player i when her
valuation is v and she bids b is :

(vi b) Pr(Highest bid is b) = (v-b) Pr(All n-1 other bids Ob)

A player bidding according to the function b bids at most b, for b (-)v
O b O, iftdr valugtion is at most b-1(b) (the inverse evaluated
at b).
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arbitrary distribution of valuations

Thus, the probability that the bids of the n-1 other players are all at
most b is the probability that the highest of n-1 other players are all

at most b is the probability that the highest of n-1 randomly
selected valuations (denoted X in section 9.6.2) is at most b-1(b).

Denoting the CDF of X by H, the expected payoff is thus:
(vi by HBb)ifb (v O b O b(v+)

andOisb < -)fpifb > b (v +)
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l“” 9.8 Appendix: auctions with an
arbitrary distribution of valuations

In a symmetric equilibrium in which every player bids according to
b, we have b( v ) if \O> vwand b(v-)=v-:
ifv>v-and b ( v ), then a player with valuation v wins with
positive probability (players with valuations less than v bid less
than b ( because b is increasing);

if she wins, she obtains a negative payoff while she obtains a
payoff of 0 by bidding v. So, for equilibrium, we need b ( v )if O
V> V-,

given that b satisfies this condition, if b (-)»v-, then a player
with valuation v- wins with positif probability and obtains a
negative payoff. Thus, b (-)v Q.\But, if b (-)«v- bids v-, then
players with valuations slightly greater than v- also bid less
than v- (because b is continuous). So that a player with
valuation v- who increases her bid slightly wins with positive
probability and obtains a positive payoff if she does so. We
conclude that b (-)wv-.
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arbitrary distribution of valuations

The expected payoff of a player of type v when every other player
uses the bidding function b is differentiable on (v-, b ()v +)

given that b is increasing and differentiable
given then b (-)v=v-
and, if v > v-, is increasing at v-.

Thus, the derivative of this expected payoff with respect to b is
zero at any best response lessthan b ( v:+ )

b)H'(6*(b) _
b'(b™ (b))

F.O.C:- H(b (b)) + -

knowing that the derivative of b1 at the point b is %
b'(b7 (b))
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9.8 Appendix: auctions with an
arbitrary distribution of valuations

In a symmetric equilibrium in which every player bids according b,

the best response oftypevof any given player t
strategiesis b ( \Bgcause b is increasing, we have b ( v ) < fob ( v +
v <v+. So, b ( muyst satisfy the F.O.C. whenever v- <v < v+.

Ifb = |, thénb}(b)=v. So that substitutingb = bthen p1(v) =
Vv, SO that substitutingb = ibtq the)F.O.C. and multiplying by
b 6 (yiglgs:

b'(VH(\V)+b(V)H'(v) =vH'(v) forv- <v<v+

The left-hand side of the differential equation is the derivative with
respectto v of b ( t#(y). Thus, for some constant C:

bW)H (V) = f xH'(X)dx+Cforv- <v<v+
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arbitrary distribution of valuations

The function b is bounded (as it differentiable), so considering the
limit as v approaches v-, we deduce that C = 0.

We conclude that if the game has a symmetric Nash equilibrium in
which each playeros bidding funct
differentiable on (v-,v+), then this function is defined by:

XH" (X)dx
b*(v) =~ T forv- <v<v+
Y

and

* _ )Y —\/-
Note that, the Rmt(:\(lo% HVbeing the CDF of X, the highest of n-1
independently drawn valuations. Thus b * (isvthe expected value
of X conditional on its being less than v:

b* (V) =E(X | X <V)
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